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INTRODUCTION 

Recent developments in the semantics of natural language seem to lead 
to a genuine synthesis of ideas from linguistics and logic, producing 
novel concepts and questions of interest to both parent disciplines. This 
book is a collection of essays on such new topics, which have arisen 
over the past few years. 

Taking a broad view, developments in formal semantics over the 
past decade can be seen as follows. At the beginning stands Montague's 
pioneering work, showing how a rigorous semantics can be given for 
complete fragments of natural language by creating a suitable fit 
between syntactic categories and semantic types. This very enterprise 
already dispelled entrenched prejudices concerning the separation of 
linguistics and logic. Having seen the light, however, there is no reason 
at all to stick to the letter of Montague's proposals, which are often 
debatable. Subsequently, then, many improvements have been made 
upon virtually every aspect of the enterprise. More sophisticated 
grammars have been inserted (lately, lexical-functional grammar and 
generalized phrase structure grammar), more sensitive model structures 
have been developed (lately, 'partial' rather than 'total' in their com­
position), and even the mechanism of interpretation itself may be 
fine-tuned more delicately, using various forms of 'representations' 
mediating between linguistic items and semantic reality. In addition to 
all these refinements of the semantic format, descriptive coverage has 
extended considerably. Nowadays, we possess valuable (though by no 
means conclusive) formal semantic accounts of a wide variety of 
linguistic phenomena beyond Montague's original samples - in partic­
ular, many of them independent from the intensional preoccupations 
which are the philosopher's burden. 

There is also another type of development. Exhaustive description of 
fragments is useful, all the more so because of increasing contacts with 
computer science, trying to implement the above theories computa­
tionally. But, there remains the more global aim of understanding broad 
patterns in natural language, both within specific languages and across 
different ones. At this level too, logic and linguistics can meet and 
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viii INTRODUCTION 

interact. Notably, in between general concerns of category/type fit and 
detailed semantic description of single lexical items, one can study the 
behaviour of various specific categories of expression in their entirety. 
For instance, the theory of 'generalized quantifiers' has inspired a 
logico-linguistic investigation of the category of determiner expressions 
in natural language, attempting to find out precisely the range of 
admissible semantic denotations for these expressions. Montague 
Grammar would allow, in principle, just any denotation of the appro­
priate type; but the above research has produced powerful and natural 
constraints. Although this goes beyond mere fit of syntactic category 
and semantic type, such an investigation does not go into complete 
lexical detail about any specific determiner expression. It is just this 
middle road which gives one a handle on important questions about 
natural language which have seemed hitherto rather metaphysical than 
scientific. For instance, given certain independently motivated con­
straints, which of the semantic possibilities left are actually realized by 
natural language expressions? If all of them are, this may be interpreted 
as the statement that natural language attains some optimum of expres­
sibility - and we have realized part of the philosopher's dream, to 
explain why there are the things there are. 

By itself, the generalized quantifier framework is just a convenient 
semantic format for determiner and quantifier expressions. But, it has 
proven very fruitful both as a medium of semantic description and a 
vehicle for semantic theorizing. The latter will be demonstrated in the 
first six chapters of this book. 

Both general and special model-theoretic constraints are studied for 
determiners in Chapter 1, leading to several definability theorems. The 
notions and proof techniques obtained in this way are then used to 
evaluate recently proposed 'semantic universals', i.e., general regular­
ities, of determiner meanings across all human languages. For instance, 
natural language contains 'systematic gaps': determiners with certain 
combinations of features are missing - and we want to understand why. 
(Thus, with one bold leap of the imagination, we double traditional 
areas of research, studying both what does and what does not occur in 
natural .language.) Among the determiners, there is a distinguished class 
of 'logical' items, and such quantifiers are the topic of Chapter 2. Here, 
new themes arise for logical research. For instance, various intuitions of 
'logicality' are developed, leading to more sophisticated hierarchies of 
logical constants than the usual set. Moreover, earlier conditions on 



INTRODUCTION IX 

determiner denotations can now be re-interpreted as possible patterns 
of inference - and we arrive at a study of 'inverse logic', classifying 
possible quantifiers validating given clusters of inferences. This, of 
course, is the mirror image of the usual Aristotelean mode of logical 
research, which describes inferential behaviour of already given quanti­
fiers. The notions and results of the first two chapters can be general­
ized to arbitrary types of expression, in line with current tendencies to 
take a broader cross-categorial view of linguistic denotations. This is the 
theme of Chapter 3, which investigates the various manifestations of 
similar or related constraints across such categories as determiners, 
noun phrases, adjectives and connectives. 

Up till this point, only extensional denotations have been considered. 
But, our type of investigation can also be transferred to an intensional 
setting. Chapter 4 demonstrates this for the case of conditionals, viewed 
as generalized quantifiers involving sets of possible worlds for their 
antecedents and consequents. One conspicuous topic here is to develop 
general intuitions of 'conditionality' in a more systematic fashion than is 
usually done in philosophical logic. Moreover, some unity of perspec­
tive results for the multitude of existing 'conditional logics' infesting the 
latter discipline. Afterwards, a similar road takes us into the traditional 
heartland of intensionality: the area of tense and modality. Thus, in 
Chapter 5, a reasonable hierarchy of denotational constraints provides 
a new classification of linguistic tenses. 

Finally, in Chapter 6, another aspect of this enterprise is highlighted. 
These latter-day semantic trends are actually reminiscent of traditional 
logic, in particular the Syllogistic. Some connections between the two 
are explored, and especially, an outline is given of a natural logic, being 
a system of logical inference based directly on grammatical form, 
without any artificially created 'logical form' level. 

It should be stressed again that these are theoretical questions, be it 
often with a direct descriptive motivation. Given the results obtained in 
these chapters, it seems that the present simple generalized quantifier 
perspective represents some optimum on the curve of compromises 
between faithful description and elegant general theory of natural 
language. 

Next, the book turns to questions concerning the mechanics of 
interpretation. An interest in an account of semantic interpretability 
independent from syntactic grammaticality leads us to consider a more 
flexible categorial grammar allowing various rules of type change for 
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expressions, as required by the varying needs of interpretation. Such a 
system of rules is gaining attention from a growing community of 
linguists these days, reviving the old Ajdukiewicz/Bar-Hillel framework. 
In particular, in Chapter 7, we shall provide a semantics for a system of 
type change rules essentially due to Lambek in the fifties, which has had 
to wait for recognition until the transformational juggernaut had passed. 

Then, in Chapter 8, another more dynamic aspect of interpretation is 
considered. There is an attractive, though slightly marginal folklore idea 
that certain types of expression should be given 'procedural' denota­
tions, i.e., procedures for computing suitable values. For the special 
case of quantifiers, and later on for other categories too, we find 
semantic automata doing just this. Surprising analogies then come to 
light with the Chomsky Hierarchy of grammars and automata, both in 
its coarse and its fine-structure. Thus, what used to be viewed as a 
stronghold of pure syntax, now becomes an asset of semantics too. By 
this road, the usual concerns of learnability and computability then also 
enter the semantic realm. 

Finally, we ascend to our highest level of abstraction, asking various 
methodological questions about the semantic enterprise - using some 
of the apparatus of contemporary philosophy of science. As it turns 
out, semantic theories may be viewed as empirical theories in a 
standard sense, and Chapter 9 shows how central questions in the 
philosophy of science correspond to standard logical concerns. Notably, 
the usual industry of proving completeness theorems can now be 
motivated as a search for 'eliminability' of theoretical terms, such as 
accessibility or similarity relations in possible worlds semantics. Still, 
there arises a Popperian worry, viz. that the latter research program 
might be 'irrefutable', in the sense of being able to semanticize any kind 
of data. Fortunately, an example can be presented which is provably 
beyond the resources of the possible worlds machinery. This result 
has a wider significance: similar suspicions of 'infallible success', and 
hence lack of real explanatory achievement, surround the Montagovian 
paradigm. 

More systematically, Chapter 10 is devoted to an ascending ladder 
of goals for a semantic theory, viz. providing a faithful (compositional) 
account of denotations, accounting for given (non-)inferences, suggest­
ing global regularities in languages and even semantic universals. A 
logic of semantics will then consist of a multitude of questions con­
cerning the prospects at each level; several examples of which are given. 
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Notably, there remains a need for a better understanding of linguistic 
'information processing', enabling us to make more concrete logical 
sense of various intuitions of 'stability', 'minimal complexity' and 
'efficiency'. And so, we have arrived at the Last Questions concerning 
natural language, which all discerning semanticists share and treasure. 

The various chapters in this book are revised and expanded versions 
of a sequence of papers, many of which changed beyond recognition. 
I would like to thank the following institutions for their permission to 
use this material. D. Reidel Publishing Co. for 'Determiners and Logic' 
(Linguistics and Philosophy 6, 1983, 447-478) [Chapter 1], as well 
as 'Foundations of Conditional Logic' (Journal of Philosophical Logic 
13, 1984, 303-349) [Chapter 4] - The Association of Symbolic 
Logic for 'Questions about Quantifiers' (Journal of Symbolic Logic 49, 
1984, 443-466) [Chapter 2] - North-Holland Publishing Co. for 'A 
Linguistic Turn: New Directions in Logic' (in P. Weingartner, ed., 
Proceedings of the 7th International Congress in Logic, Methodology 
and Philosophy of Science, Salzburg 1983, Amsterdam, 1986) [Chapters 
3, 6] - The Center for the Study of Language and Information for 'A 
Manual of Intensional Logic' (CSLI Lecture Notes 1, Stanford, 1985) 
[Chapter 5] - Foris Publishing Co. for 'Themes from a Workshop' 
(in J. van Benthem and A. ter Meulen, eds., Generalized Quantifiers 
in Natural Language, GRASS series 4, Dordrecht, 1985, 161-169) 
[Chapters 3, 6], 'Semantic Automata' (in J. Groenendijk, D. de Jongh 
and M. Stokhof, eds., Information, Interpretation and Inference, 
GRASS series 5, Dordrecht, 1986) [Chapter 8] as well as 'The Logic of 
Semantics' (in F. Landman and F. Veltman, eds., Varieties of Formal 
Semantics, GRASS series 3, Dordrecht, 1984, 55-80) [Chapter 10] -
John Benjamin Co. for 'The Semantics of Variety in Categorial Gram­
mar' (in J. van Benthem, W. Buszkowski and W. Marciszewski, eds., 
Categorial Grammar, Amsterdam, 1986) [Chapter 7] - and the Polish 
Academy of Sciences for 'Logical Semantics as an Empirical Science' 
(Studia Logica 42, 1983, 299-313) [Chapter 9] as well as 'Possible 
Worlds Semantics: A Research Program that Cannot Fail?' (Studia 
Logica 43,1984,379-393) [Chapter ~]. 

And finally, I would like to thank all my colleagues in the Groningen 
circle of logic and linguistics - in our venerable free city at the 
cross-roads of semantic traffic from Poland, Scandinavia, America and 
Holland. 
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CHAPTER 1 

DETERMINERS 

A small group of linguistic categories forms the backbone of elementary 
sentence formation, as summed up in the following rewrite rules: 

S ~ NPVP 
NP~PN 

NP ~ DetN; 

involving the notions of ~entence, Noun £hrase, Yerb £rase, £roper 
Name, Determiner and £ommon Noun. In what follows, we shall focus 
on the Noun Phrases in this scheme. Some of their parts seem to be 
'interpretatively free', in the sense of allowing any available denotation 
in a model. Thus, in principle, proper names can denote arbitrary 
individuals, and common nouns can assume arbitrary extension sets of 
individuals. In contrast, determiner expressions (,determiners') form a 
more structured class, which is reflected in certain constraints on their 
semantics. Thus, the latter category of expression has been at the centre 
of attention in recent studies of possible denotations for natural 
language items. A related, more intrinsic reason is this: determiners 
provide the 'conceptual glue' with which we express basic relations 
between predicates (denotationally: [Det] ([N], [VPJ)). Accordingly, 
determiners will be the first topic in this book, though by no means the 
last. 

1.1. DETERMINERS IN LANGUAGE 

To begin with, here are some actual determiner expressions. An 
extensive list for the case of English may be found in Keenan and Stavi 
(1982), both simplex (all, some, two, both, most, few, enough, which, 
etcetera) and complex. The latter comprise rather tightly knit com­
pounds such as almost all, all but two, at least three, the jive, more than 
one, some of the four, too many, but also broader categorial com­
binations, notably 
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- Boolean compounds: 

- Adjectival restrictions: 
- Possessives: 

CHAPTER 1 

Det => not Det 

Det => Det { ~;d} Det 

Det => Det Adj 
Det => NP 's 

(not all) 

(all or some) 

(no sane) 
(some girl's) 

Actually, even such an empirical list already incorporates decisions 
of classification. For instance, it has also been proposed to analyze, e.g., 
two, many as adjectives rather than (or: as well as) determiners. Also, 
adjectival restriction is not equally acceptable to all linguistic observers. 
Such issues will not be investigated here. In any case, the general drift 
of our study tolerates a certain latitude. 

Another syntactic restriction to be made was already implicit in the 
above. In accordance with the earlier rules, we shall focus on such 
schemata as (all X) Y, or rather the non-hierarchical all XY. Occur­
rences of determiners in non-SUbject position, such as direct object 
NP's or so-called 'floated quantifiers' (the boys all volunteered) will be 
largely ignored, except for some remarks at the end of this chapter. 
Generalization to these cases seems straightforward. 

Also, the above expressions show varieties of meaning, not all of 
which can be studied here. In particular, we shall restrict attention to 
determiners that are 

- total (no presupposition-bearing cases, as with the or both); 
- extensional (no intensional phenomena, as in all alleged); and 
- discrete or countable (no continuous uses, as in some, much, all 

tea). 
None of these are essential limitations though, and some will be 

reconsidered in later chapters. 
Another semantic issue down-played in our formulation is the 

variation of singular and plural forms for the predicates X, Y. We shall 
read the latter as standing for collections of individuals. (A semantics 
for plurals will be touched upon in Section 2.10., however.) But 
eventually, one will also want a systematic account of the semantic 
parallels and differences in such pairs as all birds/every bird, many 
birds/many a bird, some birds/some bird, no birds/no bird. It may not 
even be possible to handle this purely denotationally in the end, and 
some more 'representational' account may have to be super-imposed, in 
the style of Kamp (1981 ). 

Let us now take a more systematic view of syntactic constructions 
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creating new determiners. For a general setting, we use a categorial 
grammar, with basic types e (entity) and t (truth value) and functional 
combinations (a, b). In chapters 3, 7, this system will be studied in 
much more detail. 

Determiners combine with (simple or complex) nouns to form noun 
phrases; the semantic net effect of which is displayed in the category 
assignment 

« e, t), « e, t), t)); or (p, (p, t)), 

where p = (e, t) stands for 'property'. Of the various possible questions, 
here is the most obvious one. Which categories can combine with deter­
miners to form new determiners? More technically, what are the 
categorial solutions to the equation 

x + det= det? 

In strict categorial grammar, only one type of solution is forthcoming, 
most obviously x = (det, det). This accounts for the above Boolean 
negation on determiners. A little higher up, conjunction and disjunction 
may be accounted for in the same manner. But, one also wants to 
consider solutions where the left-most 'del' represents the function 
rather than the argument. 

Now, any more realistic (and interesting) categorial grammar will 
allow something like the expansion rule of Geach (1972), combining 

(a, b) + (b, c) to (a, c). 

Such more flexible grammars will be studied in Chapter 7. In the 
present case, this gives us the additional solution 

(p, p) + (p, (p, t)) = (p, (p, t)). 

As (p, p) is the category of adjectives, this accounts for the above 
adjectival restriction. 

1.2. DETERMINERS AND GENERALIZED QUANTIFIERS 

The well-known semantic treatment of noun phrases and determiners in 
Montague Grammar implicitly presupposes the logical 'generalized 
quantifiers' proposed in Mostowski (1957). The importance of the 
latter notion for natural language was brought out explicitly in Barwise 
and Cooper (1981). Basically, the idea is to let a noun phrase DX (all 
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women, most children, no men) refer to a set of sets of individuals, viz. 
the denotations of those Y for which (DX) Y holds. Thus, e.g., in a fixed 
model with universe E, 

all X denotes 
most X denotes 
no X denotes 

{A ~ EI[X] ~ A}, 
{A ~ EII[X] () AI> I[X] -AI}, 
{A ~ E I [X] () A = 0}; 

where [X] is the extension of the predicate X in the model. This point 
of view permits a uniform treatment of the subject/predicate form that 
pervades natural language. 

Such denotations of noun phrases exhibit familiar mathematical 
structures. For instance, all X produces 'filters', and no X 'ideals'. The 
denotation of most X is neither; but it is still monotone, in the sense of 
being closed under supersets. Mere closure under subsets occurs too, 
witness few x. These structural properties are at present being used in 
organizing linguistic observations, and formulating hypotheses about 
them. In addition to the above-mentioned paper, one may mention the 
work of Ladusaw (1979) and Zwarts (1981) on 'negative polarity' and 
'conjunction reduction'. In the course of such originally descriptive 
studies, several methodological issues of a wider logical interest arose, 
and these have inspired the present investigation. 

In order to present these issues, we shift the above perspective, 
placing the emphasis on determiners per se - viewed as denoting 
relations D between sets of individuals. Thus, 

DAB rather than B E DA. 

Even more generally, determiners pick out a binary relation among sets 
of individuals on arbitrary universes E, thus 

DEAB. 

We shall picture this in the Venn Diagrams of classical logic (see Figure 
1). 

E 

Fig. 1. 
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This point of view is not that of Mostowski but is related to the more 
general proposals in Lindstrom (1966), who introduced binary rela­
tions between arbitrary predicates (not just unary A, B). 

A point of notation. We shall write DXY when thinking of a 
determiner expression followed by suitable linguistic items. When 
thinking about a determiner relation with sets (denotations for these 
items), we will write DAB. This abuse of notation is to be preferred to 
an abundance of denotation brackets. 

The parameter E has its uses for context-dependent determiners. 
For instance, one of the meanings of many AB is that the relative 
frequency of B in A exceeds that of B in the whole universe E 
('relatively many'). Another example is the compound determiner all 
tall, whose adjective may vary its denotation depending on the 'refer­
ence group' E. 

Finally, an important decision remains to be made about these 
universes E. Our general feeling is that natural language requires the 
use of finite models only. Infinite models only arise (out of the former) 
through philosophical or scientific reflection. This restriction still leaves 
us a 'potential infinity' of arbitrarily large finite universes, with which to 
model linguistic phenomena - without sailing away into the 'actual 
infinity' of higher set theory. Perhaps, eventually, an actual infinity may 
be admitted, through reifying certain limits out of the finite realm -
provided that some specific semantic motivation can be given. This 
strategy, which tends to make semantic modelling a lot more interest­
ing, has turned out to be a bit of a shock to many addicts of Cantor's 
Paradise. For these, it should be pointed out that only few results in this 
book depend essentially on the finiteness restriction - and we shall 
occasionally note possible 'infinite' generalizations. 

1.3. THE SEMANTIC RANGE OF DETERMINERS: 

CONSERVA TIVITY 

Which binary relations on a universe E are to count as admissible 
determiner denotations? There are two strategies of description here. 
One approaches from the outside, so to speak, accumulating global 
conditions, so as to fit to size. The other builds up from the inside, 
starting from evident cases, and giving an inductive generating proce­
dure. We start with the former. 
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Global Conditions 

One recurrent constraint accounts for the privileged role of the first 
argument in a determiner statement: it 'sets the stage': 

CONS ( Conservativity) 

There is even a familiar idea that the common noun of an NP 
restricts the domain of evaluation for the determiner. Its full force is to 
declare everything outside of A irrelevant: 

CONS+ D£AB iff DAA(B (') A). 

The latter is a 'cross-contextual' constraint, relating various uni­
verses. Upon closer inspection, it combines Conservativity with a 
principle of 'context-neutrality' which may be stated separately: 

EXT if A, B ~ E ~ E', then 
D£AB iff D£.AB ( Extension) 

The latter principle holds for most determiners, exceptions being the 
above context-dependent cases. 

In a sense, Extension plus Conservativity express the intuitive notion 
of 'aboutness'. Being 'about' A means remaining true for A, no matter 
how its context changes. For instance, in the famous 'Paradox of the 
Ravens' in the philosophy of science, All ravens are black is a rule 
about ravens, whereas its logical equivalent All non-black things are 
non-ravens is not about ravens in this sense, not being context-neutral. 

Most of the proposed counter-examples to Conservativity have 
remained controversial, witness the following three cases. Only willows 
weep is a contingent statement, non-equivalent to the tautology only 
willows are weeping willows. But then, it may be argued that only is an 
adverb rather than a determiner, because of its syntactic distribution. 
Another case has occurred before: in the 'relatively'-reading, many girls 
are giggling may be false, while many girls are giggling girls is true. But 
here again, a different categorization has been proposed for indepen­
dent linguistic reasons. (E.g., many is an adjective in Hoeksema, 1982.) 
Finally, there are intensional counter-examples. All alleged males are 
females may be true, even though all alleged males are male females 
is an analytic falsehood. But then, such intensional locutions call for an 
enriched semantic picture anyway, having families of possible universes 
- where an appropriate generalization of Conservativity will in fact be 
forthcoming. Thus, we shall stick with such prime examples as the 
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equivalence between all Dutch are morose and all Dutch are morose 
Dutch. 

Further general constraints on determiner denotations have been 
difficult to find. One candidate, perhaps, is the feeling that also the 
second argument of a determiner relation should 'matter': 

VAR if A is non-empty, then there exist B, B' ~ E 
such that DEAB, not DEAB' (Variety) 

Simplex determiners seem to satisfy this criterion, except for numerals, 
such as two in a universe with one single object. Complex cases also 
provide counter-examples. Accordingly, several weaker variants of 
Variety have been proposed (cf. Westerstahl, 1982). Nevertheless, we 
shall often use Variety to obtain a more surveyable field when proving 
results. Lifting this restriction is usually a matter of mere additional 
combinatorics. And in fact, further conditions, whether generally valid 
or not, still carve out interesting special classes of determiners, as will 
be seen below. 

For the moment we are left with CONS as the only really obvious 
constraint on determiner denotations. In this connection, it is worth 
noting that this condition is preserved by the main closure conditions 
of Section 1.3., viz. Boolean combination and adjectival restriction 
(at least, with respect to intersective adjectives, obeying the scheme 
[Adj N] = [AdH II [N]). Such behaviour is not always displayed by 
V AR, or other special purpose conditions. Indeed, Keenan and Stavi 
have proposed a 'semantic universal' to the effect that 

all human languages have only conservative determiners. 

That one can do no better than this, in a sense, is the contention of the 
next section. 

How much of a constraint is Conservativity? One way of answering 
such a question is by means of actual counting. On a fixed universe E, 
with n elements, there are 24n generalized quantifier relations, being all 
sets of ordered couples of subsets of E. To explain the number 4, one 
views these couples (A, B) as functions from individuals in E to 
couples of truth values: yes/no (in A), yes/no (in B). Now, conservative 
determiners are completely specified 'by their pairs (A, B) with B ~ A, 
as is easily established. So, the value combination 'no', 'yes' drops out, 
and only three possibilities remain. Hence, there are 23n conservative 
determiner denotations - a considerable reduction in size, though not 
in order of magnitude. 
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Inductive Conditions 

Now, let us start from the inside, generating admissible determiner 
denotations. That the two principles of description coincide in the end 
is expressed in the main result of Keenan and Stavi (1982), of which a 
simplified, non-algebraic proof is given here. 

Fixing some universe E, we start from some initial class of basic 
determiner relations, here: just inclusion (all) and overlap (some), 
allowing some reasonable constructions, here: Boolean combination 
and restriction to intersective adjectives. These generators plus opera­
tions create a class of determiner relations D-GEN. In a meandering 
fashion, using a different principle of generation, Keenan and Stavi 
prove their 'Definability Theorem': 

CONS = D-GEN. 

What does this equation mean? The number of conservative deter­
miners increases with the size of E, as we have seen. Therefore, one 
cannot expect definitions for all determiners from some fixed finite 
stock, as its Boolean compounds will still be finite in number, up to 
logical equivalence. Thus, any definition obtained is bound to depend 
essentially on the universe E. Indeed, by comparing the counting 
formula for conservative determiners with a suitable one for Boolean 
definition from a fixed set of parameters (involving common noun and 
adjective denotations), Keenan and Stavi have also shown that, in the 
long run, the former will outrun the latter. Therefore, no global version 
of the Definability Theorem is possible. 

Accordingly, we stay within a fixed E. Assume that individuals have 
been introduced only when they are distinguishable from all others 
already present in E through predicates definable in the language. By 
standard reasoning it follows that every set of individuals will be 
definable as the denotation of some (possibly complex) predicate of the 
language. Thus, every subset of E has a name in our language. Under 
these circumstances, we have the above identity, as will be shown now. 

First, inclusion and overlap are indeed conservative relations, and 
the latter property is preserved under Boolean operations and intersec­
tive adjectives. E.g., if D is conservative on E, then, for any fixed set C, 
DE(C II A)B iff DdC II A)(C II A II B) iff DdC II A)(A II B), 
since (C II A) II (A II B) = C II A II B. 

Conversely, let DE be an arbitrary conservative relation. Observe 
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first that D£AB iff D£A(B n A) iff 3X ~ A(DEAX & X = B n A). 
Therefore, 

D£AB ~ V (A = X & B n A = Y), 
DlXY 
Y<;;; x 

and the problem is reduced to defining the latter conjunction in 
admissible terms. Here is one solution: take the conjunction of 

- all (Y n A, B) 
- no (- Y n A, B) 
-all(-XnA,B) 
- some or not all ({ x} n A, B) (for all x EX). 

Explanation: To begin with, note how this may be read as one long 
determiner, applied to arbitrary A, B. As for particulars, the relativiza­
tions are allowed since all sets mentioned (Y, - Y, -X, {x} (x EX)) 
were definable, while no merely abbreviates the admissible combination 
not some. Now, the first two clauses express that B n A = Y n A. In 
combination with the third, and the fact that Y ~ X, this yields A ~ X. 
Finally, by 'brute force', the last clauses ensure that X ~ A. (B is not 
really being used here, as the disjunction amounts to stating the fact 
that {x} and A intersect.) D 

The theorem should not be read as stronger than it is. For instance, 
although most XY (being conservative) has now been shown to be 
locally definable in terms of some, all, this is a matter of mere enumera­
tion. After all, we know that no global first-order definition for most 
exists; witness Chapter 2. Still, one interesting interpretation of the 
theorem remains ('effability'). Under optimal local circumstances (when 
no anonymous individuals inhabit the universe), natural language has 
the resources for expressing every possible determiner denotation. 

1.4. SPECIAL CONDITIONS: MONOTONICITY 

Even without being generally valid, further conditions on determiners 
may be useful, both descriptively and theoretically. One prominent 
example is the following 

if DEAB and B ~ B', then D£AB' (Mono tonicity) 

Monotone determiners have a certain stability: when DEAB holds, even 
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upon the basis of partial knowledge B about the denotation of the 
second predicate, this statement will remain true as more members of 
that denotation are discovered. Both reality and our information about 
it are in constant flux, but our language has to provide some more 
stable means of description. Hence, it is no surprise to find that basic 
determiners such as all, most, some are monotone. 

Next, on the above scheme, there may be monotonicity in the left 
argument as well: 

if D£AB and A ~ A', then D£A'B. 

This is the 'Persistence' of Barwise and Cooper (1981); valid for some, 
but not, e.g., for all or most. Moreover, these 'upward' versions also 
have obvious downward duals. Notably, the four resulting types of 
Double Monotonicity are exemplified in the traditional logical 'Square 
of Opposition'. With an obvious notation: 

~allt t somet 

Inal>< lnO/ aliI 

And this connection is quite intimate: 

THEOREM. The four determiners in the Square of Opposition are 
precisely those satisfying Variety and Double Monotonicity. 

Proof Here is a sample argument. Suppose that D is doubly mono­
tone, of type ~MON~. Then D must be the relation of disjointness (no): 

- If A n B = 0, then choose some non-empty A' ;;2 A. For some 
X, DA' X (V AR), and hence DA0 UMONi). Therefore also, DAB 
(CONS). 

- If DAB, then D(A n B)B (~MON), and so D(A n B)(A n B) 
(CONS). By MON~ then, D(A n B)X for all X, and hence A n B = 0 
(VAR).D 

How restrictive is, say, upward Monotonicity by itself? Again, such a 
question may be approached by means of counting denotations. In 
Thijsse (1985), upper and lower bounds are obtained for the number of 
CONS, MONt determiners (there are more than 22n). An exact solution 
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is still open - as it has been ever since Dedekind posed an essentially 
equivalent combinatorial question in the last century. 

Unlike Conservativity, Monotonicity is not preserved under Boolean 
operations. For instance, all or no is not monotone. And even a simplex 
determiner such as one is not monotone either way. Yet, the latter does 
satisfy the weaker condition of Continuity: 

if DEABI, D EAB2, BI S;;;; B S;;;; B2, then DEAB. 

Essentially the following semantic universal may be found in Barwise 
and Cooper (1981): 

every simplex determiner in natural language is continuous. 

Note that the continuous determiners are exactly the conjunctions of an 
upward and a downward monotone one. (For instance, one is at least 
one and at most one. Cf. Thijsse, 1983.) 

As with Monotonicity, Continuity can also occur in the left-hand 
argument: 

if DEAIB, D EA2B, Al S;;;; A S;;;; A 2, then DEAB. 

For instance, one is both right- and left-continuous. But, e.g., most is 
neither left-monotone nor left-continuous. A counter-example is the 
case of Al = {1}, A = {1, 2}, A2 = {1, 2, 3} and B = {1, 3}. Due to the 
privileged role of the argument A, the left-hand versions of Mono­
tonicity and Continuity are stronger than their right-hand ones - a 
phenomenon to be studied in Chapter 2. 

Thus, special purpose conditions provide interesting classifications of 
determiners. 

1.5. INFERENTIAL PATTERNS 

The relational view of determiners invites the introduction of well­
known conditions on binary relations from other areas of semantics and 
mathematics. For instance, all is reflexive and transitive, some and no 
are symmetric, not all is connected, etc. Such relational conditions may 
interact with the earlier notions: 

THEOREM. All reflexive transitive determiners have Monotonicity 
type~MONt. 

Proof (cf. Zwarts, 1981). ~MON: If DEAB and A' S;;;; A, then 
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D£A'A' (reflexivity), D£A'A (CONS), D£A'B (transitivity). MONt: If 
D£ABand B ~ B', then likewise, D£BB, D£BB', D£AB'.D 

Incidentally, at most one X is not Y is a ~MONt determiner which fails 
to be transitive. 

Another kind of example is the following. In a study of 'definite 
determiners', Higginbotham has introduced so-called "properties of 
concepts": determiners only dependent on the intersection of their 
arguments. Formally, 

if U (I V= A (I B, then D£ UV iff D£AB. 

Immediate consequences are Conservativity as well as symmetry for 
D. But also conversely, the latter two conditions add up to being a 
property of concepts; through their consequence 

D£UV iff DdU (I V)(U (I V), for all U, V. 

Proof D£UViff D£U(U (I V) iff D£(U (I V)Uiff D£(U (I V)(U (I V). 
o 

A deeper interpretation of such relational conditions is possible. Essen­
tially, they express patterns of inference, which mayor may not be 
validated by certain determiners. Thus, we are now classifying deter­
miners by their inferential potential. 

A more systematic survey of possibly relevant relational conditions, 
then, starts with a catalogue of possible inference schemata. For 
instance, among the two-premise syllogisms, prominent examples are 

DXY DYZ DXY DYZ DXY DXZ 
DXZ DZX DYZ 

(transitivity) (circularity) (euclidity) 

Then, one may ask for a classification of all possibilities. 
Up till now, definite answers have only been obtained for the rather 

more special class of logical determiners ('quantifiers') to be introduced 
in the next section. Here is one example, taken from Westerstahl 
(1984): 

THEOREM. The transitive reflexive quantifiers are precisely those of 
the forms 
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there are at most nX, or all X are Y (n= 0,1,2, ... ) 

Thus, essentially, reflexivity and transitivity are characteristic properties 
of the universal quantifier. 

Some potential patterns of inference are not even realized at all; 
witness the following result from Chapter 2: 

THEOREM. There are no circular quantifiers, except the empty and 
the universal one. 

Thus, natural language provides no vehicle for muddle-headed reasoning. 
Likewise, there are no euclidean quantifiers (a conjecture in Zwarts, 

1981, proved in Van Benthem, 1984d). For classifications of other 
cases, notably that of symmetric quantifiers, see Westerstahl (1984). 

A more serious interpretation for non-existence results like the 
above is that they provide an explanation for observed 'systematic 
gaps' in natural language; a phenomenon noted in Barwise and Cooper 
(1981) and Zwarts (1981). For instance, one semantic universal pro­
posed in the latter paper is that 

no human language has asymmetric determiners. 

At least for quantifiers, there is logical, rather than empirical necessity 
behind this observation: see Section 1.6. below. 

To conclude, it should be noted that there are other relevant 
patterns of inference than purely relational ones. For instance, upward 
Monotonicity itself amounts to the step 

'from DXYto DX(Y or Z)' 

or equivalently 

'from DX( Y and Z) to DXY'. 

These are cases of interaction between determiners and connectives. 
This richer logic will be taken up in Chapter 2. 

1.6. LOGICAL DETERMINERS 

Some of the basic determiners are precisely the central logical constants 
called 'quantifiers'. Which additional constraints set these apart from 
the family of all determiners? One general intuition, upon which most 
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authors seem to agree, is 'topic-neutrality', or insensitivity to individual 
traits of objects: 

QUANT D£AB depends only on the numbers of individuals in 
A, A n B, Band E. (Quantity) 

Thus, the numbers a, b, c, e in Figure 2 determine whether D£AB 
holds. 

E 
e 

A 

Fig. 2. 

Here are some examples in this arithmetical setting: 

all: a = 0, some: b~ 0, no: b = 0, all but one: a = 1, most: b > a, 
many.: b> n(e) (where n is some norm function), manY2: 
b/(a + b) > (b + c)/(b + c + a + e)(cf. Section 1.3.). 

A detailed study of the quantifiers satisfying CONS, EXT and QUANT 
will be found in Chapter 2. For the moment, we just state how, on a 
universe with n elements, Quantity reduces the number of conservative 
relations by an order of magnitude: only 2(n+ 2)(n+ .)/2 remain. 

In addition to topic-neutrality, there are further broad intuitions 
concerning logicality. These seem to come in two strands. 

Graduality. When the set A changes a little (resulting in a truth value 
change for D£AB), the original truth value may be restored by means 
of some small corresponding change in B. This informal idea motivates 
various versions of the Continuity principle introduced in Section 1.4. 

Uniformity. The behaviour of D should be regular ('the same') across 
all universes. 

Actually, semanticists often speak about 'the model' for a language; 
and one might wish to implement the above intuition in some 'generic 
model', where a determiner receives its typical interpretation, once and 
for all. Lacking such a structure, we shall eventually present various 
formulations of Uniformity in terms of tables of behaviour across all 
finite universes (Chapter 2). As it turns out, the above informal idea 
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then dissolves into a hierarchy of possibilities: how much uniformity we 
can 'see' depends on our conceptual apparatus (or, if one prefers, our 
metalanguage, where denotations are defined). Even without further 
technical details, the typical kind of result to come out of this can be 
stated thus: 

among the quantifiers which are gradual, the first level of uniformity 
is exhausted by the Square of Opposition: all, some, no, not all; while 
the second adds a higher-order 'Square': most, least, not least, not most. 

Beyond the second level, possibilities increase rapidly. 
In this and earlier results, one obtains both 'positive' basic deter­

miners (all, some) and 'negative' ones (not all, no); whereas natural 
language seems to favour the former at simplex level. Additional 
cognitive speculation may be in order here. Perhaps, the mind's eye has 
more difficulty in discerning absence than presence in our Venn 
Diagrams. 

In the restricted area of logical determiners, effects of proposed 
semantic universals may be conveniently tested. For instance, the 
earlier-mentioned 'systematic gap' observed by Zwarts turns out to be a 
logical one: 

THEOREM. There are no asymmetric quantifier», except the empty 
one. 

Proof Suppose that D£AB holds anywhere. Recall that D satisfies 
CONS, EXT, QUANT. Now consider A, A n B, and add new in­
dividuals to create a symmetric situation (see Figure 3). 

Fig. 3. 

By the above three postulates,. we have successively, DAA *, 
DA *( B n A), DA * A: and hence D has at least one symmetric pair; 
which refutes asymmetry. 0 

Thus, one can gauge the empirical content of proposed semantic 
universals. Always against the background of certain broad constraints, 
of course, which may be questioned themselves eventually. 
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1.7. BACK TO DETERMINERS IN GENERAL 

Several of the intuitions presented in the preceding section seem 
equally attractive for (basic) determiners in general. For instance, the 
motivation for Graduality and Uniformity is not tied up with logical 
quantifiers - although some of their specific implementations may be. 
Indeed, in the perspective of this book, a demarcation of 'logic' has 
largely lost its interest, because there turns out to be so much logicality 
outside of logic proper. 

The main principle of distinction between Section 1.6. and earlier 
ones was the use of Quantity. Pure numbers do not determine the 
meaning of the earlier adjectival restrictions, or of possessive deter­
miners. We shall look into these cases now. But note that both concern 
complex determiner expressions. There do not seem to be non-quanti­
tative simplex determiners, as is noted in Keenan and Stavi (1982). The 
adequacy of Quantity will be taken up again at the end of this section. 

For present purposes, it is advantageous to reformulate Quantity to 
an equivalent, often encountered in the logical literature: 

for every permutation n of the individuals in the universe E, 
D£AB iff D£n[A]n[B] , for all A,B~E. 

Thus again, no individual feature of the objects involved is relevant to 
the truth of the determiner relation. 

Let us now consider some other determiners, starting with adjectival 
restriction. An expression such as all blond satisfies Conservativity, but 
it lacks Quantity (see Figure 4). 

sailo,s blue-eyed 

soldiers brown·eyed 

blond 

Fig. 4. 
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One can permute sailors and soldiers in vertical pairs. Yet all blond 
sailors are blue-eyed is true, while its permuted version all blond 
soldiers are brown-eyed is false. 

But there is a remedy. Admissible permutations in this case ought 
to satisfy an additional feature, viz. respect of the predicate blond: 
x E [blond] iff n(x) E [blond]. In other words, adjectival determiners 
are sensitive to additional structure of the universe. Thus, models will 
now become enriched structures (E, P) with additional predicates P: 
and Quantity becomes a maxim of Quality: 

QUAL for every permutation of the universe E which is a 
P-automorphism of B' = (E, P), and all A, B ~ E, 
D,rAB iff D,rn[A]n[B]. 

Thus determiners have now become functors assigning binary 
relations among subsets to models of a given 'similarity type'. 

In the new perspective, adjectival restrictions satisfy the obvious 
generalization of the Extension principle: 

if B' = (E, P) is a submodel of B" = (E', P'), then, 
D,rAB iff D,r.AB, for all A, B ~ E. 

Now, let us see how this works for possessive determiners. A basic 
case like Mary's satisfies CONS, but QUANT fails again (see Figure 5). 

painted 

Mary • 

faked 

Fig. 5. 

As with the sailor/soldier example, Mary's dolls are painted may be 
true, whereas the quantitatively similar Mary's tears are faked is false. 
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Evidently, possessives are sensitive to the underlying possession ties 
('of') among individuals. But again, Quality holds with respect to a 
suitable similarity type: this time, 'individual constant (Mary), binary 
predicate ('s)'. And the same holds true of Extension. (For more 
complex possessives, such as every girl's, the latter principle needs more 
care.) 

The general picture emerging is that of determiners satisfying a 
'hidden variable' version of Quantity: 

for some suitable finite similarity type a, D can be regarded 
as a functor on all models (E, a), assigning a binary relation 
among subsets of E which is invariant for a-automorphisms 
ofE. 

As we shall see later, this postulate allows us to transfer several results 
obtained for quantifiers to arbitrary determiners. How general is this 
strategy as a means of describing determiners? There are some mathe­
matical questions in the background here concerning global definability 
of the permutation groups leaving a certain pre-assigned relation DE 
invariant. But, the previous examples rather suggest that the relevant 
similarity type be read off directly from the linguistic items entering the 
description of the determiner, such as adjectives, proper names, affixes, 
etc. 

With such additional structure present there also arise further 
reasonable constraints. For instance, one might desire Non-Creativity: 

a statement DXY implies no non-trivial facts about the 
underlying a-structure. 

In other words, determiners should not rule out any underlying 
patterns. 

For an illustration consider the above example of Mary's. Which 
first-order definitions could it have in the language appropriate to its 
similarity type? First, the combined effect of Conservativity and strong 
Extension is to make DgAB equivalent to DA+A(B (l A), where A+ 
is the submodel of,ff with universe A u HMary]l. Syntactically, this 
amounts to a relativization of all quantifiers in the defining formula to 
A +, and hence to a formula involving only A -restricted quantifiers 
together with assertions about Mary. 

Non-Creativity holds here, because the reflexivity of our example 
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(Mary's XX) even implies that, for every possession structure B' = 

(E, M, of), there exist A, B <;;;; E such that D,IjAB. 
Moreover, earlier special purpose conditions are still applicable. 

Notably, Mary's XY is upward monotone in Y - and so Y will only 
have 'positive' occurrences in the defining formula (cf. Section 2.5.). 
Also, downward monotonicity holds with respect to X - and even for 
the possession structure of: removal of of-ties from a model does not 
affect the truth of Mary's XY. By the earlier relativization condition 
then, it follows that our basic possessives are preserved under the 
transition to submodels of the original universe. By standard logic, then, 
the defining formula must be a purely universal predicate-logical 
sentence - in which, moreover, all occurrences of A, of will be 
syntactically 'negative' ones. 

Thus, the following is the basic scheme for possessive determiners: 

and their conjunctions. Here, the superscript 'X' indicates relativization 
to the predicate X, y is any positive quantifier-free condition, and l:: Yy 
some disjunction over a subset of y. The simplest possible case is 
VXy(ofxy -> Yy): which is precisely the meaning of the phrase x'sXY. 

So, previous notions still apply to qualitative determiners. But what 
about earlier results? Most work remains to be done; but, at least, 
Chapter 4 contains an example of suitably generalized global intuitions 
of Graduality and Uniformity in a qualitative setting, with a corres­
ponding classification theorem. 

But, could one not take a short-cut, by 'immediate transfer'? There is 
a feeling, arising from practice, that for instance the non-existence 
results of Section 1.6. for logical determiners are quite characteristic for 
determiners in general. Here is one reason why. 

Often, the relevant semantic regularities are of the form V Dcp, where 
cp is some first-order assertion about the determiner D. For instance, 
the asymmetry example becomes VD , Vxy(Dxy -> ,Dyx) - or, 
one can think of such valid connections as 'transitivity implies quasi­
reflexivity (VxVy(Dxy -> Dxx»' (cf. Zwarts, 1983). Our conjecture is 
that, for laws of this kind, validity for logical determiners implies 
validity for all determiners. (Thus, Quantity would be a 'conservative 
addition' to the universal theory of determiners.) Here is one case 
where this can be proved. 
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No new inferences. Let D be any qualitative determiner with respect 
to some similarity type a (without individual constants or functions). 
Define a new determiner D+ on universes E as follows. Set all pre­
dicates in a equal to the universal relation (of the proper arity) on E. In 
this way, every permutation of E becomes a a-automorphism of the 
enriched modelg'. Then, setting D~AB iff D,rAB, makes D+ a quantita­
tive determiner. And evidently, D+ will validate any inference schema 
which held for D. (For the converse question, see Section 4.10.) 

But already with different similarity types, difficulties arise. For 
instance, the proof for the asymmetry universal does not go through for 
a possessive such as Mary's. The reason is that the necessary 'duplica­
tion' of A to A * may not be possible. For, in case the proper name 
Mary denotes an object in A - B, it cannot also denote something in 
A * - B. And in fact, if we could construe certain cases of x's XY as 
implying that x is in X, but not in Y, then there would be an asymmetric 
determiner after all. (Actually, this appears to be impossible - but the 
reason is not entirely clear.) 

Still, whether by immediate transfer or through suitable gener­
alization, there are good prospects for a general logical theory of 
determiners. 

Even so, this direction of research may be misguided. Importing 
linguistic material from complex determiner expressions into their 
similarity types may not be superior to the obvious alternative: which is 
to bring in explicit arguments or parameters for determiner relations. 
Thus, adjectival restrictions (all Z)XY (meaning [Z] n [X] ~ [Y]) 
could also be viewed as ordinary quantitative determiners in three 
variables. A similar observation holds for possessives - whose proper 
analysis is in dispute in any case, being tied up with the general 
semantics of genitives. And, once the influence of case is acknowledged, 
the latter had better receive a uniform treatment on top of our 
determiner account. Thus, it may be premature to give up Quantity at 
all. 

1.8. FURTHER DIRECTIONS 

As was stated at the outset, not all occurrences of determiner expres­
sions have been treated here, nor even all possible uses of the subject 
position. 
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To begin with the latter, one obvious desideratum is an account of 
plurality extending the present one. Moreover, given the well-known 
analogies between plurals and mass-terms, the interplay between what 
may be called 'discrete' and 'continuous' quantification should be 
investigated. Some preliminary proposals on both scores will be found 
in the next chapter. 

Then, there are the other occurrences of determiners in direct 
objects, relative clauses, in 'floated' position, etc. Our prediction is that 
these will reduce to the present account, once an appropriate categorial 
perspective is adopted (cf. Chapter 3). For instance, although the clause 
fears every wolf seems to have the determiner connect a unary predicate 
with a binary one, there is an ordinary inclusion relation underneath -
between [wolf] and [being feared by x], for some fixed object x. 
Likewise, floated occurrences are brought into the fold in Dowty and 
Brodie (1984). 

More of a challenge is posed by ordinary subject occurrences in 
so-called 'donkey sentences'. Barwise and Fenstad have suggested that 
the familiar example every farmer who owns a donkey beats it expresses 
a determiner relation every between the two binary predicates AXY . 
(jarmer(x) & owns(x, y» and AXY . beats(x, y). More generally then, 
arbitrary determiners might have to relate pairs of predicates of higher 
arities. Technically, this is an interesting instance of the earlier­
mentioned very generalized quantifiers of Lindstrom (1966). Never­
theless, there are some reasons for caution here. For instance, the 
meaning of these higher occurrences is often far from clear. Although 
the first example is usually read as inclusion of pairs, this format breaks 
down for other cases, such as most farmers who . . . . And even the 
meaning of the standard example is being debated. Thus, a proper 
generalization from the unary case needs a good deal of reflection. 

Finally, an area which has been studied already to some extent is that 
of determiners with more arguments, such as more X than Y. As is 
shown in Keenan and Moss (1984), much of the preceding theory 
generalizes to this area, often in a surprising manner. One simple 
example is the new form of Conservativity: 

DAI ... AnB iff DAJ •• • An(B n (AI v ... v An». 

Summarizing, there is every reason to expect that the present 
approach will generalize to all types of determiners. Still, this does not 
mean that the generalized quantifier perspective is a unique best 
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approach to noun phrases and determiners. In fact, there are important 
phenomena, such as iteration of determiners or anaphoric relations, 
about which it has little if anything to say. We have been throwing light 
upon natural language from a very specific angle. 
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QUANTIFIERS 

Ever since the days of Aristotle, quantifiers have occupied a central 
place in the logical study of reasoning. Traditionally, attention has been 
restricted to the four quantifiers in the Square of Opposition and their 
inferential behaviour. The more general perspective of our first chapter 
extends this field to arbitrary quantitative ties between predicates. As a 
result, various new directions arise for logical research. 

2.1. WHAT ARE QUANTIFIERS? 

Usually, the existence of a limited set of logical constants is taken as an 
ultimate fact. But, how is it that there are just these? Such metaphysical 
questions seem to go beyond the province of logic itself. As it turns out, 
however, exact answers may be obtained by formulating plausible intui­
tive constraints on 'logicality' of generalized quantifiers. 

Recall that a generalized quantifier is any functor Q assigning, to 
each universe E, a binary relation QE between subsets of E. But, to 
qualify as a real logical 'quantifier', additional constraints are to be 
satisfied, some of which were already found in Chapter 1. 

First, being determiners, quantifiers share the general property of 
Conservativity: 

(CONS) 

A more specific feature is their 'topic-neutrality': no individual plays a 
distinguished role. Mathematically, this becomes the invariance prin­
ciple of Quantity: 

for all permutations n of E, and all A, B ~ E, 
QEAB iff QEn[A]n[B]. 

Thus, the individuality of the members of A, B is discounted. But, one 
may go further than this local requirement, crossing boundaries 
between various contexts E: 

for all sets E, E', all bijections n from E to E', and all A, B 
~ E, QEAB iff QE,n[A]n[B] (QUANT) 

25 
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'Pragmatically loaded' quantifiers such as few or many need not pass 
this test - but the ordinary ones, such as all, most, some and no do. 

As we have seen already, once distinguished (groups of) individuals 
become important (as for Mary's, no blue), Quantity makes way for a 
weaker invariance principle of Quality, with respect to permutations 
respecting this additional structure. 

Moreover, logical quantifiers are 'context-neutral', being invariant for 
Extension of the context: 

for all E, E', and A, B ~ E ~ E', 
QEAB iff QEAB (EXT) 

This postulate allows us to drop the subscript 'E' whenever convenient. 
The cumulative effect of these constraints may be pictured as in 

Figure 6. 

~E 
E 

~ ACQ~~::) A(])B 
CONS QUANT EXT 

~ @ 
CONS+QUANT CONS,QUANT +EXT 

Fig. 6. 

Finally, if the relation Q is really to depend on its second argument 
- or alternatively, if the logical constant is to do some work for us, it 
ought to exhibit some Variety of behaviour: 

for all non-empty A ~ E, there exist B, B' ~ E such that 
QEAB, not QEAB' (VAR) 

Weaker versions of this condition exist too, such as the following: 

for every non-empty E, there exist A, B ~ E with QEAB, 
but also A', B' ~ Ewithout QEA'B'. 
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Even the latter, more modest formulation still excludes numerical 
quantifiers such as at least two (consider a one-element universe). 

Variety is not an essential postulate in our view. Nevertheless, it 
often facilitates exposition, allowing us to concentrate on essential cases 
first, postponing complicating combinatorics. 

Next, in ordinary logical model theory, one would drift toward the 
usual score of questions concerning the present quantifiers; moving into 
the realm of infinite cardinalities (a, b), in order to apply current 
compactness or Lowenheim-Skolem arguments. But in the semantics 
of natural language, it may be argued that finite models are fundamental 
(cf. Section 1.2.). Therefore, we will usually avoid infinite cardinalities, 
even when this deprives us of slick logical methods. Indeed, several 
results in this chapter hold for finite models only. One would like to see 
more results in logical semantics where this characteristic assumption 
plays a crucial role. 

2.2. THE TREE OF NUMBERS 

The net effect of CONS, QUANT and EXT is to make a quantifier Q 
equivalent to the set of couples of cardinalities 

(a, b), with a=IA-BI,b=IA n BI 

which it accepts. A very convenient geometrical representation then 
arises, of quantifiers Q as subsets of the following 'Tree of Numbers' (or 
more prosaically, the north-eastern quadrant of the integer plane) (see 
Figure 7). 

IA I = 0 

IAI = 1 

IAI = 2 

IAI = 3 3,0 

• • • a • • 
Fig. 7. 

Conversely, representability in this tree implies the above three basic 
postulates. 
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Some examples of quantifier patterns are as follows, with markers + 
for Q, - for non-Q (see Figure 8). 

+ + + 
+ + + 

+ + + + + + 
+ + + + + + + 

+ - + + + - + + ++ + + 

.Q!l ot leost two holf or more 011 but on even 
number 

Fig. 8. 

Now, additional conditions on quantifiers will translate into geo­
metrical constraints on quantifier sets, which are often easily visualized. 
For instance, V AR says that every row below the top must have 
occurrences of both + and -. Likewise, the earlier special purpose 
conditions of Monotonicity and Continuity (Section 1.4.) acquire con­
crete meanings. For instance, 

- MONt expresses precisely that, if a point on the tree belongs to 
Q, then so do all points to the right of it on the same horizontal line; 

- MON~ is the analogous principle toward the left; 
- tMON expresses that, if a point belongs to Q, then so do all 

points in the downward triangle generated by this point as a root (i.e., 
by successively adding units left and right); and 

- ~MON is the analogous principle in the upward direction. 
One can easily draw pictures to illustrate this. Likewise, continuity 

conditions become convexity properties of quantifier sets. For instance, 
left-continuity corresponds to convexity in the natural geometry of the 
tree: 

if (a, b),(c, d) E Q, with a ~ e ~ cand b ~ f ~ d, 
then ( e, f) E Q (see Figure 9). 

c,d 

Fig. 9. 
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For proofs of these assertions, see van Benthem (1984d). But, they 
are really evident, once the principle of the tree representation is 
grasped. 

Various technical applications of the above point of view will be 
found in the following sections and chapters. In addition, the tree 
picture itself suggests new conditions on quantifiers, as we shall see 
below. 

2.3. MONOTONICITY 

With the above point of view, more insight can be obtained into the 
central notions of Monotonicity, Persistence and Continuity, presented 
in Section 1.4. 

To begin with, for logical quantifiers, Persistence is a very strong 
condition. Notice that all non-standard examples, such as most, few lack 
it, even though they do possess forms of Monotonicity. 

THEOREM (V AR). The persistent quantifiers are precisely those in 
the Square of Opposition. 

Proof. That all these quantifiers are persistent follows by inspection. 
Conversely, consider any persistent logical quantifier in the tree of 
numbers. There are only four possible top triangles (by V AR, the 
second row must already have +- or -+). Each of these determines 
one quantifier in the tree, through the earlier geometric observations on 
monotonicity types. For instance, a top triangle ++_ already violates 
jMON: whence the corresponding quantifier must be ~MON. This again 
implies that + can only occur on the left edge of the tree (otherwise, the 
indicated marker - would have to be +); where indeed it must occur, 
by V AR. Thus, this case yields the quantifier no. 0 

Without Quantity, this characterization fails. For instance, fix any object 
a. Set QAB if A 11 B = { a} (when a E A), or A 11 B = 0 (when a ~ A). 
This quantifier satisfies all general postulates, except Quantity. More­
over, it is downward persistent - and yet outside of the Square. Note, 
however, that Q is not monotone, either way. With Double Mono­
tonicity, the above result holds even in the absence of QUANT, witness 
Section 1.4. 

Without Variety, many more patterns are available for double 
monotone quantifiers. Still, all of these can be classified geometrically. 



30 CHAPTER 2 

For instance, consider the shapes of ~MON~ quantifiers in the tree. 
These are closed under 'upward trees' as well as 'left lines'; i.e., 
typically, each point (a, b) in the quantifier contributes the trapezoid 
(a, b), (a + b, 0), (0, 0), (0, b) (see Figure 10). 

Fig. 10. 

Geometric inspection of the possible shapes allowed by this closure 
property reveals a finite union of such trapezoids, possibly together 
with an infinite band along the left edge of the tree. Any such pattern 
may be viewed as an intersection of unions of regions of the types 

- an infinite band (at most k A are B) 
- a top triangle (there are at most n A). 

Thus, every ~MON~ quantifier is logically equivalent (on finite 
universes) to a conjunction of sentences of the types 

there are at most n A, or at most k A are B, 

or equivalently, at most k out of every n + 1 A are B. Two more 
melodious special cases are n = 1, k = 0: no A is B, n = k + 1: at most 
k A are B. From this classification a description for the remaining three 
double monotonicity types is easily extracted. 

Observe that all quantifier patterns mentioned are first-order defin­
able in a monadic predicate logic with two unary predicates and 
identity. Indeed, the left-hand side is crucial here: 

all persistent patterns are first-order definable. 

Proof. This result has the following geometrical explanation. First, 
consider tMON quantifiers. Every point generates a downward triangle, 
and therefore, the whole quantifier must be a finite union of such 
triangles, as in Figure 11. 
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Fig. 11. 

For, start from any triangle within the quantifier: only finitely many 
steps can be made toward the edges of the whole tree. Evidently, every 
pattern of this kind is first-order definable. 

As for !MON cases, notice that their negations are tMON quan­
tifiers.D 

U sing this method of shapes, Westerstahl has even shown the follow­
ing, on finite universes: 

THEOREM. All left-continuous quantifiers are first-order definable. 

Thus, our constraints on quantifier denotations turn out to be related to 
more traditional logical ways of description. 

Various further definability results using the Tree may be found in 
van Benthem (1984d) and Westerstahl (1984). Another type of ap­
plication is made in Thijsse (1985), where counting formulas are 
obtained for an array of denotational conditions. One elegant example 
is this: assuming V AR, the number of left-continuous quantifiers is 
counted by (every second member of) the well-known Fibonacci 
Sequence. There must be some deep truth here about the semantic 
flora. 

2.4. FURTHER INTUITIONS OF LOGICALITY 

The three postulates QUANT, CONS, EXT, together with V AR, 
delimit an important, but still rather heterogeneous class of generalized 
quantifiers. It contains many of the usual first-order quantifiers, but also 
some highly artificial second-order ones. Can one single out a more 
homogeneous group? Indeed, there are various further intuitions 
concerning quantifiers (or logical constants in general) that may be 
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brought to light. These additional postulates draw the dividing line in a 
way which does justice to our feeling that some higher-order quan­
tifiers, such as most or least, are relatively natural ones, while most 
others seem unrealistic. 

Graduality. One persistent idea is that there should be a certain 
'smoothness' in the semantic behaviour of basic quantifiers. The various 
continuity notions of earlier sections already captured several forms of 
this phenomenon. 

The most innocent, and attractive formulation is surely the right­
hand version: 

QAB, QAC, B ~ D ~ C imply QAD. 

In the tree of numbers this means that the quantifier intersects 
horizontal rows in uninterrupted stretches. But, stated in this way, the 
principle is biased toward presence of the quantifier relation - unlike 
the earlier intuitions, which treated absence symmetrically. Therefore, it 
seems equally reasonable to demand continuity of absence: 

not QAB,not QAC, B ~ D ~ Cimplynot QAD. 

Together, these principles enforce right-monotonicity (upward or 
downward) in each row of the tree. Their conjunction will henceforth 
be referred to as CONT. 

But, there is more to the above intuition. Looking in a vertical 
direction, one also expects regular behaviour of a quantifier across 
rows. In particular, there should be smooth transitions between 
adjacent horizontal rows. That is, there should be no dead-lock. If QAB 
holds, and one adds a new individual to A, then at least one of the 
two options (enlarging A - B or enlarging A n B) must again result 
in truth for Q; and similarly for falsity of Q. In terms of the number 
tree: 

if (a, b) E Q, then (a+ 1, b) E Q or (a, b+ 1) E Q, 
if (a, b) ~ Q, then (a+ 1, b) ~ Q or (a, b+ 1) ~ Q. 

This postulate will be called PLUS. 
Together, CONT and PLUS express a strong form of continuity in 

all three main directions of the tree: ....... , ,I' and '\.. (This point of view 
will return in Chapters 8, to.) 

Finally, we come to the most esoteric, but perhaps also the most 
fundamental of our intuitions of logicality. 
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Uniformity. The above graduality theme is interwoven with a related 
idea, viz. that basic quantifiers should have a 'uniform' behaviour. No 
cardinality pair (a, b) should be special, so to speak. One dynamic way 
of implementing this idea is by identifying a quantifier with a (recursive) 
procedure for assigning truth values to cardinality pairs - which is the 
main topic of Chapter 8. Right now, we opt for a more static formula­
tion, however. 

The earlier addition of an individual to some 'situation' may be 
regarded as a typical thought-experiment for testing the behaviour of a 
quantifier. Starting from an arbitrary (a, b) (with Q true or false), one 
notes the truth values for (a + 1, b) and (a, b + 1). In all, there are 
eight possible truth value patterns for this experiment (of which PLUS 
rules out the outcomes _+_ and +-+). A straightforward version of 
uniformity is then the following: 

for each truth value, the addition experiment has the same 
triangle of outcomes everywhere. 

Thus, it does not matter where we perform our test: Q will behave 
uniformly. This postulate will be called UNIF. 

Thus, three additional postulates have been extracted from our 
intuitive ideas about the desired regularity of quantifiers. Which quan­
tifiers (if any) are left by these, in combination with the earlier 
constraints? 

THEOREM. On the finite sets, the only generalized quantifiers satisfy­
ing QUANT, CONS, EXT, VARas well as CONT, PLUS, UNIF are 
all, some, no and not all. 

Thus again, the Square of Opposition emerges. 
Proof First, these four quantifiers satisfy all seven constraints. 

Conversely, consider the tree of numbers. Which +/- patterns are 
allowed by these conditions? At the top, there may be either + or -. At 
the next row (a + b = 1), more possibilities appear, and hence we 
distinguish some cases. Case 1: + on top. By V AR, the second row 
must be +- or -+. Consider the former first. By UNIF, the third row 
will start with +- again: and then, by CONT, its last entry must be -. 
By UNIF once more, the pattern now extends downward, to form the 
quantifier no. Analogously, the other case becomes the quantifier all. In 
a similar manner, a top position - generates only the two possibilities 
not all and some. 0 
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Given the small range of quantifiers remaining, it becomes of interest to 
re-examine the uniformity idea. Perhaps, this should be relaxed, so as to 
allow different outcomes for the thought-experiment. But then, where 
else should the desired regularity be located? 

Let us conduct the experiment, first increasing a only, noting the 
outcome, then increasing b only, but finally adding a unit to both, thus 
restoring the original balance. Even allowing different patterns for the 
first two separate tests, one can at least demand unicity of outcome for 
the final test: each truth value pattern for the addition experiment 
determines a unique outcome for the combined move. 

But our idea of uniformity goes further than this. As before, the 
particular place (a, b) where the experiment occurs should be im­
material; and hence we also require 'repetition' in the following sense: 
if the combined addition experiment restores the original truth value, 
then it will repeat itself at the new location. This new version of the 
third postulate will be called UNIF*. Here is the statement of its 
impact. 

THEOREM: On the finite sets, the only generalized quantifiers satisfy­
ing QUANT, CONS, EXT, VARas well as CONT, PLUS, VNIF* are 
all, some, no, not all together with most, not most, least, not least. 

Thus, one next 'Square of Opposition' emerges. 
Proof. Again, these eight quantifiers meet all seven requirements. 

Conversely, one checks possibilities in the number tree. Here is one 
typical case. Let the top position be +, followed by a second row +-. 
By PLUS and CONT, the third row can only be ++- or +--. At this 
stage, the revised uniformity condition comes into play. With the 
former third row, the first combined experiment has been restorative 
(+:-), whence it will repeat itself. Consequently, two more restorative 
patterns appear on its sides, viz. +++ and +--. By UNIF* and CONT, + -
then, the quantifier must be not most. With the latter third row, 
however, the first experiment (++_) now has outcome -, and, by unicity 
of outcomes, this phenomenon extends downwards. Then, again by 
VNIF* in combination with CONT, the quantifier becomes no. The 
remaining cases are entirely analogous, the top triangle _++ produc­
ing the quantifiers not least and all, while the negative top position 
generates the remaining four quantifiers in a wholly symmetric fashion. 
D 
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Thus, the 'respectable' higher-order quantifiers have been found in the 
same boat with the basic first-order ones. This type of reasoning is quite 
flexible, yielding many additional insights. For instance, it may be seen 
that leaving out CONT altogether would still generate a recursively 
enumerable class of admissible quantifiers. 

Obviously, the uniformity intuition has not received a final evident 
form here. There seems to be rather a whole hierarchy of uniformity 
notions, and this may conceivably give rise to a cumulative hierarchy of 
quantifiers in 'degrees of uniformity'. 

Appendix: Variants of Uniformity 

As the development of more volatile intuitions concerning denotations 
is an unfamiliar topic in semantics, we add one further illustration. 

One attractive form of Uniformity requires endless repetition of 
truth value patterns, in the spirit of Mandelbrot's 'fractals': 

equal truth values in the tree generate equal downward tree 
patterns. 

Its effect is to leave only the following possibilities: 

no, an even number of, all, all but an even number of, 
some, an odd number of, not all, all but an odd number of 

Proof By Variety, there are only four possible top triangles. Each of 
these then splits up into two possibilities for the third row, after which 
all downward propagating patterns have become fixed. 0 

An obvious weakening of this condition would allow for some finite 
variety of tree patterns for each truth value. This lets in quite a few 
additional quantifiers, in a hierarchy following the number of distinct 
patterns allowed. 

Again, these examples illustrate our two main concerns: definability 
results for quantifiers satisfying new intuitive constraints, as well as 
hierarchy results classifying our quantifiers in layers of denotational 
complexity. Thus, we obtain 'natural kinds' of quantifier beyond the 
traditional realm of logical constants. 

A final remark. The above notions of Uniformity are connected with 
the earlier-mentioned procedural point of view. For instance, the 
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requirement of equal generated triangles for all + positions (and 
likewise, for all - positions) allows for a representation of the relevant 
quantifiers by means of two-state finite state machines. (Here, + 
becomes an accepting state, - a rejecting one; with transition arrows 
for scanning further a or b individuals read off in the tree.) In Chapter 8, 
this machine perspective will be developed further, with several perti­
nent results in Section 8.2. In general, the above hierarchy of patterns 
of 'finite uniformity' corresponds exactly to a hierarchy of quantifiers 
computed by finite state machines with varying numbers of states; as 
finitely homogeneous trees may be contracted to finite transition 
graphs. 

2.5. FIRST-ORDER DEFINABILITY 

The preceding sections have been mainly devoted to notions arising out 
of current semantics of natural language. But a more traditional logical 
question has also appeared at times. How are the quantifiers studied 
here related to those expressible in the usual logical languages, from 
monadic first-order logic upward? And furthermore, are any new 
questions generated concerning the latter? 

Starting with the simplest case, the class of first-order definable 
quantifiers is wider than just the monotone ones. For instance, precisely 
one is nonmonotone, yet first-order definable. Let us now consider the 
latter class in the light of the preceding. 

A first goal is to find a semantic characterization of first-order 
definable quantifiers on finite models. Now, in model theory, the 
answer for the general case is provided by the Keisler-Shelah theorem, 
in terms of isomorphs and ultra products. But the latter construction has 
no significance in the finite realm. There is also the Fra'isse back-and­
forth characterization, however, which does go through in this restricted 
area. For the monadic predicate language, this amounts to invariance 
for models that are alike up to some fixed threshold. More precisely, 
set 

X -n Yifeither IXI = I YI = k < n, or lXI, I YI ~ n. 

By extension, set (E, A, B) -n (E', A', B') if the relevant four 
monadic slots stand in the - n-relation to their primed counterparts. 
The relevant characterization then becomes as follows: 
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THEOREM. On the finite models, a quantifier Q is first-order defin­
able if and only if, for some fixed n, 

(E,A,B)-n(E',A',B') implies Q£AB iff Q£,A'B'. 

Again, the tree of numbers suggests a geometric way of viewing the 
characteristic behaviour of first-order quantifiers. In the light of the 
above theorem, these are the ones that, after an initial 'Sturm und 
Drang' phase, reach a 'Frmsse threshold', i.e., a line a + b = 2n such 
that 

- the truth value at (n, n) determines that of its generated down­
ward triangle, 

- all truth values at (n + k, n - k) are propagated along their 
downward left lines (parallel to the edge), and 

- all truth values at (n - k, n + k) determine that of their down­
ward right lines; as in Figure 12. 

1.2~ 

Fig. 12. 

Thus, on finite sets, the first-order quantifiers are essentially just 
finite unions of convex (and hence left-continuous) quantifiers. This is a 
kind of converse to the left-continuity theorem of Section 2.3. By way 
of contrast, note how a quantifier like most fails to be first-order 
definable on finite universes: as its pattern lacks a characteristic triangle 
of the above kind. 

The second main goal is again one of explicit classification. Here 
is an early description of monadic first-order logic with identity: 
all sentences are logically equivalent to Boolean compounds of the types 

at most k (non-)A are (not) Band 
there are at most k (non-)A. 

Using the tree representation, such classifications are easily verified by 
geometrical inspection. Thus, monadic first-order logic merely adds 
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some book-keeping devices to the simple quantifiers in the Square of 
Opposition. 

The duality between a structural notion (threshold invariance) and 
its syntactic counterpart (first-order definability) is typical of logical 
model theory. Many more questions concerning this interplay arise 
from the preceding sections. Here are two examples. 

- To find a preservation result characterizing Conservativity of 
first-order sentences. The obvious conjecture is that cp(A, B) is 
(strongly) conservative in A iff cp is logically equivalent to some 
sentence with all its quantifiers A -restricted. Kit Fine has observed that 
this follows, indeed, from the work of Feferman (1969). 

- To find a preservation result for monotonicity of first-order 
sentences. This time, the obvious conjecture is the following. cp(A, B) is 
upward monotone in A iff cp is logically equivalent to some sentence 
whose only occurrences of A are syntactically 'positive' (in the usual 
sense). Again, Kit Fine has shown how this follows, by a simple deduc­
tion, from the Lyndon version of Craig's interpolation theorem. 

Another type of question was suggested by Jon Barwise. Instead of 
searching for definability, one may consider what happens when a 
certain kind of generalized quantifier is added to the first-order lan­
guage. For instance, let us add Q in the form of assertions Qxy· cp(x), 
1jJ(y) - or Q AX • cp(x), AY • 1jJ(y). What about the logic of such an 
enriched language? Evidently, first-order logic remains valid, and so 
does any condition imposed on Q that can be expressed in the 
language. But, will there be additional 'mixing principles'? For the case 
where Q is monotone, Barwise has shown that no such new principles 
appear. Without proof, we state a similar result for one of our key 
notions: 

predicate logic with an added conservative generalized quan­
tifier has its universally valid principles axiomatized by the 
usual predicate-logical axioms and rules of inference plus the 
conservativity axiom. 

Perhaps surprisingly, predicate logic with an added quantitative 
generalized quantifier has a non-recursively axiomatizable logic (cf. 
V1Uinanen, 1980). 

But actually, all these questions may be too traditional. Having 
gained the generalized quantifier perspective, as a better mirror of 
natural language, we should be wary of the usual formalisms. 

Query: Can one do preservation and completeness results (and 
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model theory in general) directly in terms of the generalized quantifier 
framework - and that in an enlightening way? 

A preliminary attempt at developing logical theories of inference in 
this way will be found in Chapter 6. One important step on that road 
will be taken right now. 

2.6. INFERENTIAL CONDITIONS 

The above questions take us back to an earlier theme (cf. Section 1.5.) 
of inferential conditions on determiners and quantifiers. Quantifiers 
exhibit familiar relational properties, such as 

transitivity 
reflexivity 
symmetry 
antisymmetry: 
irreflexivity 
linearity 

VXYZ(QXY & QYZ) .... QXZ) 
VXQXX 
VXY(QXY .... QYX) 
VXY«QXY & QYX) .... X= Y): 
VXiQXX 
VXY(X= Y V QXY V QYX) : 

all 
all, most 
no, some 
all 
notal! 
notal! 

Several of these play a role in the semantic literature. Plain reflexivity 
and irreflexivity are prominent in Barwise and Cooper (1981) (under 
the names of 'positive strong' and 'negative strong'), symmetry was 
important in Section 1.5. Even less common properties are exemplified, 
such as 'quasi-reflexivity' (VXY(QXY .... QXX), which holds for some. 
Likewise, no is 'quasi-universal': V XY( QXX.... QXY). (Curiously, these 
properties can often be found as conditions on alternative relations in 
possible worlds semantics - a connection whose explanation is 
obscure.) Yet more exotic properties may be realized through Boolean 
compounds of the above simplex quantifiers. 

Of course, such common conditions on binary relations need not be 
the most appropriate ones in the present area. But the above list at least 
suggests a certain relevance, that will become clearer below. 

Combinations of relational conditions can be used to classify 'natural 
kinds' of quantifiers. But one should be careful here. For instance, 
many beautiful results can be proved about 'the partially ordered 
quantifiers': but it turns out that one is describing only one single 
specimen: 

THEOREM. Inclusion (all) is the only reflexive antisymmetric quan­
tifier. 
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Proof If A ~ B, then QAB (by reflexivity and Conservativity, as 
before). If QAB, then QA(B n A) (CONS), but also Q(B n A)A, just 
as before: and hence A = B n A, (by antisymmetry), i.e. A ~ B. 0 

More positively, one can think of this result as a characterization of the 
universal quantifier by its inference patterns. 

COROLLARY. Not all is the only quantifier that is irreflexive and 
linear. 

Proof The characteristic properties for all produce those for not all, 
as the former may also be regarded as the negation of the latter. 
VXQXX goes to VX, QXX. VXY«QXY & QYX) -+ X = Y) goes to 
V XY«,QXY & ,QYX) -+ X = Y), which is equivalent to linearity. 0 

Similar characterizations may be proved for some, no; be they of a 
rather more artificial nature. In the presence of V AR, these results 
become more elegant, as we shall see below. 

To obtain larger classes, one must relax requirements. Generally, 
mere transitivity is very restrictive already: 

THEOREM. If Q is a transitive quantifier, then, on finite models, QAB 
implies A s:;;; B or QA 0. 

Proof Suppose that QAB without A ~ B. By CONS, QA(B n A), 
with B n A properly contained in A. Now, let B' be a minimal set 
properly contained in A such that QAB'. 

Claim: B' = 0. 
For, otherwise, choose A' such that I A' I = I A I and A' n A = B'. 

(Here, CONS and EXT are presupposed.) Therefore, since QAB', also 
QAA'. Now, consider any permutation n leaving B' as well as possible 
individuals outside of A u A' fixed, while interchanging A - B' and 
A' - B'. By QUANT, it follows that Qn[A]n[B'], i.e., QA' B'. 

A 

Fig. 13. 
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Next, choose any e E B' and e' E A' - B'. Let the permutation lT' 
interchange only e and e', leaving all other individuals fixed. Again by 
QUANT, QlT'[A']lT'[B'], i.e., QA'lT'[B']. By transi.ivity then, QAA' 
and QA'lT'[B'] imply QAlT'[B']: whence QA(lT'[B'] n A) (by 
CONS). But the latter intersection is properly contained in B', con­
tradicting the latter's minimality. D 

This type of argument is typical for the use of Quantity. 
The conclusion of the theorem cannot be improved to read inclusion 

only. E.g., 'all A are B or there is at most one A, is a transitive 
quantifier admitting a non-inclusion case. Also, the theorem fails for 
infinite sets: 'A is infinite and A - B is finite' is a transitive quantifier. 

U sing these proof techniques, one can classify various natural sets of 
quantifiers by their inferential patterns. For instance, we recall the 
earlier result (Section 1.5.) that all reflexive transitive quantifiers are 
precisely the forms there exist at most n A, or all A are B. This result 
may also be verified in the tree of numbers, using a transcription from 
relational into geometrical or numerical conditions. A systematic use of 
this method is found in Westerstilil (1984). 

Once we assume Variety, all these cases collapse into one. 

THEOREM (V AR). All is the only reflexive transitive quantifier. 
Proof This follows from two results in Chapter 1. Reflexive transi­

tive quantifiers have monotonicity type ~MONt, and, modulo Variety, 
there is just one of the latter kind, viz. inclusion. 0 

Again, the earlier negation transform implies a similar result for 
noninclusion: 

COROLLARY. Not all is the only irreflexive and almost-connected 
quantifier. 

Here, almost-connectedness is the following basic property of compara­
tives: VXYZ(QXY ---> (QXZ V QZY)). 

On the other hand, completely negative results are also of interest, 
showing 'systematic gaps' of unrealizable conditions. As we have seen 
in Sections 1.5./1.6. already, such ·results confirm the suspicions of 
certain linguists, who had formulated 'semantic universals' to this effect. 
For instance, we have shown already that there exist no asymmetric 
quantifiers (except for the empty one). And again by the negation 



42 CHAPTER 2 

transform, it follows that there are no strongly connected quantifiers 
(except for the universal one). Further reflections on the interplay 
between logical and linguistic (im)possibility will be found in Chapter 
10. 

2.7. INVERSE LOGIC 

Relational conditions on quantifiers are universal first-order sentences 
which may be regarded as expressing patterns of inference. More 
systematically, here are some 'pure' patterns, involving only a single 
quantifier Q: 

O-premise: (reflexivity) (universality) 
QAA QAB 

I-premise: QAB (symmetry) QAB (quasi-reflexivity) 
QBA QAA 

QAA (quasi-universality) QAB QAA 
QAB QBB QBA 

2-premise: QAB QBC (transitivity), etc. 
QAC 

Here and in the sequel, attention will be restricted to inferences where 
all statements are of the atomic form QAB. (Thus, e.g., disjunctive 
conclusions 'QAB V QCD' are not considered.) 

The third case, with two premises sharing a 'middle term', is the area 
of the Aristotelean Syllogistic. Apart from transitivity, the following in­
teresting patterns are found: 

QAB QBC 
QCA 

(circularity) 

QAB QCB 
QAC 

( anti-euclidity) 

QBA QBC 
QAC 

( euclidity) 

Now, what Aristotle did was to take specific logical constants Q, and 
ask which patterns were validated by them. This has been the dominant 
question in the logical tradition ever since. What we have been doing, 
however, is a converse activity: given a set of inference patterns, to 
determine the range of logical constants realizing them. This change in 
perspective might be called another 'Copernican Turn' - this time, 
challenging deep Aristotelean presuppositions inside logic itself. 
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Some answers have been found in the preceding sections already, 
be it in a nonsystematic fashion. There are few transitive quantifiers, 
and no euclidean ones, as we have seen. Moreover, the earlier methods 
of proof yield many further answers. For instance, there are no sym­
metric-reflexive or symmetric-transitive quantifiers. Instead of exhaus­
tive cartography, here is a representative example. 

THEOREM. There are no nontrivial circular quantifiers. 
Proof By earlier types of argument (see Section 1.6., Figure 3), a 

quantifier with QAB anywhere has QAA*, QA*A for some A* - and 
hence QAA, by Circularity. So, circular quantifiers are quasi-reflexive. 
Hence, if QAB, then also QAA, and, again by Circularity: QAA, QAB 
imply QBA: circular quantifiers are also symmetric. But then, they are 
transitive as well. Now, consider any non-empty circular quantifier, with 
QAB somewhere. Either A S;;;; B (i) or it does not (ii). Case (ii): by 
an earlier result on transitive quantifiers (Section 2.6.), it follows that 
QA0. But then, Q will hold for arbitrary pairs of sets C, D (and hence 
be trivial after all). For, consider any C, D. We have: Q0A (symmetry), 
Q00 (CONS), Q0(C n D) (CONS), Q(C n D)0 (symmetry), Q(C n D) 
(C n D) (quasi-reflexivity); and hence QCD, as in the characterization 
of symmetric determiners given in Section 1.5. Finally, case (i) may 
be reduced to case (ii). Let QAB with A S;;;; B. Choose B' properly 
containing B: QAB' (CONS). Then consider QB' A (symmetry). 0 

Other types of logical question arise too. For instance, the earlier 
characterizations of the universal quantifier suggest the following. 
'Holistically', the meaning of a logical constant is given by the sum total 
of its valid inference patterns. Taking the pure case first, it may be 
asked whether the usual quantifiers are uniquely determined by their 
valid inference patterns. In subsequent chapters, we shall see how this 
query generalizes to other logical constants as well. 

Reflexivity plus transitivity turned out to characterize all (modulo 
Variety). What about its dual? 

THEOREM (V AR). Some is the only quantifier that is both symmetric 
and quasi-reflexive. 

Proof Let Q be an arbitrary symmetric quasi-reflexive quantifier. 
Then Q must be the overlap relation. First, suppose that A n B ~ 0. 
By V AR, there exists X S;;;; A n B such that Q(A n B)X. Then 



44 CHAPTER 2 

Q(A 11 B)(A 11 B) (quasi-reflexivity), Q(A 11 B)A (CONS), 
QA(A 11 B) (symmetry) and hence QAB (CONS). Next, assume that 
QAB. Suppose that A 11 B = 0. Then QA 0 (CONS). As in the preced­
ing proof, it follows that QCD for all sets C, D: which contradicts 
VAR.D 

By the negation transform, there is an immediate 

COROLLARY. No is the only quantifier that is both symmetric and 
quasi-universal. 

Summarizing the previous results then, modulo Variety, the Square of 
Opposition is characterized by the following pure inference patterns: 

all: transitive, reflexive 
not all: almost-connected, 

irreflexive 

some: symmetric, quasi-reflexive 
no: symmetric, quasi-universal 

Of these four quantifiers, not all is the only one without valid 
syllogisms of the original kind. (Its inferences all involve 'meta' negation 
and disjunction.) Perhaps, this accounts for the empirical fact that no 
human language seems to have found it necessary to contract it to a 
smoother simplex form. 

Removing the condition V AR allows more quantifiers. Indeed, there 
arises a noticeable underdetermination: 

THEOREM. At least two validates the same pure inference patterns as 
some. 

Proof First, suppose that some Q-inference is refuted in a model 
where Q is non-empty intersection. Then this model can be inflated to 
an at least two-counterexample, simply by adding new individuals ex, Y 

to X and Y, whenever such a couple of sets overlaps. Next, if some Q­
inference is refuted in a model where Q is at least two, singleton 
intersections are to be removed in order to obtain a some-counter­
example, without changing the relational pattern. This time, the proce­
dure is this: as above, add new ex, Y and e~, Y to X and Y, for each pair 
X, Ywith IX 11 YI ~ 2. Then,just strike out all old individuals. D 

By the same reasoning, some turns out to have the same syllogistic 
theory as at least n (for any n = 1, 2, 3, ... ). The theorem does not 
disclose the form of that theory, however. Here it is. 
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THEOREM. Symmetry and quasi-reflexivity comprise the complete 
pure inferential theory of some. 

Proof Both are valid, of course: the converse is the crux. Suppose 
that cp(Q) is any universal first-order sentence about Q which does 
not follow from the above two principles. By Godel's Completeness 
Theorem, cp is falsified in some symmetric quasi-reflexive order. We 
shall be done if this can be transformed into a counterexample for cp 
where the relation is overlap between sets. 

First, contract all (possible) isolated points to a single one. This 
contraction isa so-called strong homomorphism, leaving (at least) all 
universal first-order sentences about Q invariant. Next, the resulting 
model may be represented as a set of doubletons (and singletons) with 
the overlap relation, by setting 

x rE. {( x, y) I Qxy). 

It may be checked that, successively, F is one-one, F preserves Q, and 
F preserves overlap. 0 

Similar results may be obtained for the family of quantifiers at most n 
(n=O,1,2, ... ). 

Finally, characterization of logical constants may also be viewed 
from another angle. Instead of imposing strong conditions such as 
Variety, one may also increase the number of inferences involved, by 
considering schemata in which several quantifiers occur at the same 
time. (An algebraic analogy may be helpful here. In the pure case, one is 
searching for a unique solution to a system of equations with one 
variable Q. In the mixed case, one searches for simultaneous solutions 
of the form (Q], Q2); etc.) 

A partial result in this direction was obtained in van Benthem (1985a) 
(see also Westerstahl, 1985 for a strengthening): 

THEOREM: The complete syllogistic theory of some and all is satisfied 
by precisely all couples 

at least n X are Y / there are at most n - 1 X or all X are Y 
(with n = 1,2, ... ). 

Thus, in a sense, traditional logic fails to enforce its intended interpreta­
tion, at least inferentially. 

Yet, there are also mixed inferences involving both quantifiers and 
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connectives, such as forms of monotonicity, persistence, and even 
conservativity itself. Also, linguists have been interested in NP-denota­
tions that are filters, being sets of sets closed under supersets (i.e., being 
MONt) and also under the formation of intersections: from QXYand 
QXZ to QX( Y and Z). In the finite case, the latter possess one smallest 
'generator', which can be recovered - something which has been used 
in the analysis of so-called 'definite' noun phrases. Our previous 
considerations are fully applicable to such new notions. One sample 
result is that, using V AR, all is the only 'filtrating' quantifier. Other, 
dual notions occur too, such as 'idealizing' quantifiers (in their left-hand 
argument), such as all and no. (Cf. van Benthem, 1984d.) 

Thus, there arises the truly holistic question whether the (pure and 
mixed) valid inferences of predicate logic determine precisely the usual 
interpretation of the logical constants. An answer to a question of this 
kind would be a deep type of completeness theorem. 

An Afterthought 

The preceding sections have illustrated two approaches to the notion of 
logicality for quantifiers. One proceeds by way of broad semantic 
constraints on denotations, such as Quantity or Uniformity. This makes 
quantifiers rich in 'semantic transfer': if they hold somewhere, they will 
hold in many similar situations. The other route, logically the more 
standard one, makes the relevant quantifiers rich in 'inferential poten­
tial': logical constants are those key words and phrases oiling the wheels 
of reasoning. These two points of view are not necessarily co-extensive 
- and their connection ought to be clarified. 

2.8. INFINITY 

In the remammg three sections, possible extensions of the above 
'standard theory' will be considered, all of them rather tentative. 

In Chapter 1, a 'finitizing program' was advocated for semantics, 
re-admitting the usual infinite models only when some plausible recon­
struction for them can be found. This is clearly a debatable position, 
and hence nothing prevents us from having a look at the infinite realm 
already. 

In van Deemter (1985), a survey is made of some central notions 
and results in the above, with an eye toward reducing or removing the 
finiteness restriction. As it turns out, many results go through at once, 
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or may be modified to do so. The only more intrinsically fmitistic 
subjects are certain definability theorems (e.g., the classifications of 
monotone quantifiers) as well as the earlier uniformity hierarchy. 

With quantifiers on both finite and infinite universes, three broad 
groups emerge. There are obvious 'extrapolations' of the earlier 
examples, there are also some natural essentially infinite ones (such as 
finitely many, infinitely many), and there is any number of more remote 
mathematical possibilities. Two important questions then arise. One is 
to formulate suitable notions of extrapolation from patterns in the finite 
tree of numbers to patterns in the 'Infinite Tree', having rows at each 
infinite cardinality. 

For instance, one might adopt a 'Stabilization Principle': 
Let n E N, 
- if (a, m) E Qforall m ~ n, then (a, ~() E Q 
- if (a, m) ~ Qforall m ~ n, then (a, ~() ~ Q 
- and likewise for the middle column (m, m) (m ~ n) toward 

(~()' ~(). 
For example, in this way, the finite pattern of all will extend to the 

first infinite row - and beyond, once the above is suitably generalized. 
Likewise, the finite quantifier at least nine tenths will produce the 
infinite pattern of almost all, in the sense of 'all, but for finitely many 
exceptions' . 

These ideas do not always suffice, however. For instance, most only 
determines the first infinite row up to its middle position (~o, ~o). In 
such a case, two strategies are possible. One is to allow undefined cases 
(which leads us to a three-valued approach, which may be attractive for 
presupposition-bearing quantifiers in any case), another is to introduce 
more sophisticated limit rules. 

Another interesting question is to characterize the 'natural' infinite 
quantifiers by our earlier method of denotational constraints. Here is 
one example, having to do with the central notion of monotonicity. 

Consider the following class of quantifiers Q, satisfying the prop­
erties of 

D-MON: monotonicity (upward or downward) in both arguments; 
PLUS: if (a, b) E Q, and k is any cardinality (finite or infinite), then 

there exist kJ' k2 with k = kJ + k2 such that (a + kJ' b + k2) E Q. 
And likewise for non-Q. 
The latter condition is van Deemter's generalization of the 'smooth­

ness' intuition PLUS of Section 2.4. 
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To exclude presently irrelevant considerations of higher infinite 
cardinality, we shall demand that Q be non-trivial on countable 
cardinalities (i.e., not always true or always false there): a kind of 
'Lowenheim condition'. 

THEOREM. The only quantifiers satisfying D-MON and PLUS under 
the Lowenheim restriction are those in the 'finite Squares of Opposition': 

at most n not, at least n + 1, at least n + 1 not, at most n 
(n = 0, 1, ... ) together with the infinite Square 
at most finitely many not, at least infinitely many, 
at least infinitely many not, at most finitely many. 

This certainly delineates a very natural class. 
Proof All quantifiers mentioned satisfy the above conditions. Con­

versely, we shall consider one typical example. Suppose that Q has type 
tMONt. Well-known arguments give its pattern in the finite tree of 
numbers: either it is empty, or it has a shape like that in Figure 14. 

Fig. 14. 

Consider the latter case. PLUS forbids irregular kinks in the 
boundary, and hence the shape must be that of at least k, for some k ~ 0. 
Actually, k ~ 1, since otherwise the first infinite row would be all + 
(by tMON), and Q would become countably trivial. But then, the 
infinite rows of the tree are fully determined through the following 
observations. At infinite level a, 

- all positions (a, s) with s ~ k get + (apply tMON to (k, k) E Q 
and k ~ a, k ~ s), 

- the position (a, k- 1) gets - (since (k, k- 1) has -, using 
PLUS, adding a entities. Notice that the - cannot be put any further 
toward the right.), 
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- all positions (a, s) with s < k - 1 then get - (by MONt). 
Thus, this case becomes at least k all the way througil. 

49 

In addition, the former case with a negative finite tree yields one 
infinitary quantifier. For, consider the position (~o, ~o). If it is -, then 
so are all (n, ~o) and (~o, n) for finite n (by tMON), making Q 
countably trivial. Therefore, (~o, ~o) must have +, and hence so do all 
nodes (a, b) with a ~ ~o, b ~ ~o (by tMON), as well as all nodes 
towards their right (by MONt). Finally, a suitable use of PLUS with 
respect to the -nodes (n, n) (n finite) gives - for all nodes (a, n) (a ~ 
~o). Thus, the quantifier becomes at least infinitely many. 

The other three double monotonicity cases are similar. D 

2.9. DISCRETENESS AND CONTINUITY 

Of the several uses of quantifiers ignored at the outset, one seems 
particularly intriguing, viz. the 'continuous' one (some water, much 
wine, ... ). The preceding sections have been devoted to 'discrete' or 
'countable' collections, rather than continuous chunks of the world - a 
neglect which is customary in modem semantics. But the duality 
between these two perspectives seems a basic fact of human thought, 
and hence the question arises how far the preceding investigation is tied 
up with the discrete world view. 

Fortunately, the earlier notions and results may be viewed from a 
more comprehensive standpoint, embracing both discrete and con­
tinuous entities. Via the well-known analogy between mass nouns 
(water, wine, time) and collections (willows, girls), one may think of 
general semantic models as 'inclusion structures' 

:s =(/, ~); 

of the form <.9' (E), ~) in the earlier cases, possibly atomless in the 
continuous case. These models may carry additional structure. Specif­
ically, inclusion may give rise to a lattice structure for join (n) and 
meet (U ), or even a Boolean Algebra with complements. Henceforth, a 
generalized quantifier will be a functor assigning, to each inclusion 
structure :S, some binary relation D;j' on its universe I. rNe will usually 
think of:S as a lattice.) 

Earlier general constraints are easily formulated in this new setting. 
Notably, Conservativity becomes 

D::Jxy iff D::Jx(y n x), for all x, y in I. 
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And indeed, this is equally plausible in the continuous case. Most wine 
was drunk last night means the same as most wine is wine drunk last 
night. 

Quantity requires some reformulation, as it cannot be assumed any 
longer that there are individuals (atoms) underlying our inclusion 
structure. But in its earlier permutation version, the induced map .n[X] 
on subsets X of E may be characterized independently as follows. A 
permutation .n of the power-set of E is induced by an underlying 
permutation of indviduals if and only if .n respects inclusion: 

X ~ Y iff .n(X) ~ .n(Y). 

Proof. Two observations suffice. First, such inclusion automorphisms 
.n map singletons (inclusion atoms) to singletons, enabling one to 
recover an individual permutation. Also, such functions are continuous, 
in the usual mathematical sense of preserving arbitrary unions of 
subsets: 

Now, Quantity may be given the general formulation that determiner 
relations be invariant for inclusion automorphisms of g. 

Perhaps surprisingly, the effect of Quantity is more severe in the 
continuous case than in the discrete one - where it left standard 
quantifiers such as all, some, but also most, or many. 

EXAMPLE. Let (I, ~ > consist of all open real intervals, with set 
inclusion. The only conservative, quantitative determiner relations are 
all, some and their Boolean compounds. 

That any other possibility is excluded may be seen as follows. 
Consider an open interval A with a proper open subinterval B of any 
size. There is always some topological transformation of the reals which 
is a bijective inclusion automorphism in the above sense, fixing A, while 
sending B to some pre-assigned portion of A (large or small). So, one 
can only distinguish the above coarse possibilities. D 

Thus, the traditional logical quantifiers can be viewed as the 'topo­
logical invariants'. The others, such as most, much or little, are only 
invariant for those automorphisms which also preserve some additional 
metric structure. After all, this is not completely alien to the discrete 
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world picture either, witness earlier discussions of 'qualitative' deter­
miners (Section 1.7.). 

Finally, other general intuitions, such as the Graduality of Section 
2.4., remain plausible in the continuous realm too. In fact, they may 
even receive more appealing mathematical formulations there, in the 
familiar continuity terminology of 'small changes - small effects'. 

In general, such principles only unfold their meaning on infinite 
structures - which is yet another motive for pursuing the topic of 
infinity after all. 

2.10. PLURALITY 

The syntactic diversity of quantifier expressions is immense. For 
instance, numerals (one, ten, ... ) may also be classified as adjectives, 
and other quantifiers (all, only, ... ) may occur in adverbial positions. 
Then also, the compositional mechanism of complexes such as at least 
two, at most two may be studied in finer detail. Most striking among 
these syntactic phenomena is the ubiquitous connection between deter­
miner expressions and plural forms: at least two girls, all girls, not many 
girls, etc. Should not this play some role in our formal theory? 

In general, the semantics of plurality is a mine-field of conflicting 
intuitions. Nevertheless, it is also an important phenomenon, reflecting 
our ability as language users to organize the world in collective terms. 
Moreover, given the treatment of continuous quantification in the 
above, and the analogies between mass terms and plurals, some sort of 
extension ought to be feasible. In this final section, we shall steer a 
conservative course into this dangerous area. 

Consider a simple sentence such as three toddlers were sitting on a 
fence. Its abstract form, until now, was taken to be QXY. But of course, 
in the actual sentence, X, Yare plural forms of singular predicates 
'toddler', 'be sitting on a fence'. On general Fregean grounds then, one 
might wish to bring in a semantic account for this plural formation. A 
very simple pilot example is this: 

[Pplural] = POW+([P]); 

where POW+ sends a set to the collection of its non-empty subsets. 
Many variations on this theme are possible; in particular, 'groups' may 
eventually replace mere subsets. 

Thus, quantifiers (and determiners in general) will start expressing 
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binary relations between sets A+, B+ (being short for POW+(A), 
POW+(B)). What are the appropriate truth conditions? One popular 
strategy is to copy earlier explications: 

[all] (A +, B+) if A + S;;;; B+, 
[some](A+,B+) if A+ n B+ ~ 0. 

This fails, however, for cases like most. With A = {1, 2, 3}, B = {1, 2}, 
most A are B, and yet only three out of the seven sets in A + belong to 
B+. And indeed, there is something counter-intuitive here in letting our 
quantifiers range over groups rather than individuals. The correct 
account, therefore, is more reductive: 

QA + B+ if QA U { a E CI a E A}; 
CE n+ 

where the second quantifier compares A with all its members 'partic­
ipating' in sets in B+, in the old style. 

At this new level, the earlier constraints are quite easy to state. For 
instance, Conservativity remains the same. (Eventually, a suitable 
notion of 'restriction' may have to replace mere intersection, however.) 
Quantity now becomes invariance for inclusion automorphisms, as in 
the preceding section. Moreover, special purpose conditions such as 
Monotonicity remain in force; witness the plurals in, say, ~MONt: 'if all 
toddlers are sitting, then all female toddlers are sitting or standing'. Old 
results, such as the Double Monotonicity characterization of the Square 
of Opposition, will then go through. 

But of course,there is more to plurality than this uneventful lifting. 
To proceed, here is another common error in setting up truth con­
ditions for plural terms. It has often been proposed to read numerals as 
adjectives, producing the following reading for, say, three toddlers 
viewed as a complex noun: 

[toddlers] = POW+([ toddler]), 
[three toddlers] = all sets of precisely three toddlers. 

Then, an example like the original one above would be read as follows, 
with three toddlers now raised to NP-position: 

some element of [three toddlersN ] belongs to POW+ ([ be 
sitting on a fence]). 

This produces a reading at least three, rather than exactly three; 
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because holding for at least one group of three does not exclude 
holding for more than three toddlers. The problem becomes more acute 
with at most three: holding for some group of at most three toddlers is 
not at all the same as holding for at most three toddlers. These 
observations point at the difficulties of an overly collective view of 
plurals. Nevertheless, they also suggest an important distinction to be 
made. 

There is a way of justifying the rejected account after all. Like 
singular NP's, plural NP's can have both 'general' and 'specific' (or 
'referential') uses. In the singular case, one has such well-known 
anaphoric differences as that between 'A girl came in, and she ... ' 
versus the unacceptable 'Every girl came in, and she . .. '. In the plural 
case, there is a similar distinction, between the admissible 'Some girls 
came in, and they . .. ' versus the unacceptable 'Most girls came in, and 
they . .. '. One possible explanation here is that certain noun phrases, 
due to some special mathematical structure of their denotations, admit 
this kind of anaphora, whereas others do not. But, it is simpler to 
assume that girls has a definite contextual reference here, with the 
whole sentence making a statement about that contextually given set. 
Accordingly, the proper anaphoric relation would be as indicated: 
'Some girls came in, and they . .. '. The latter 'referential' readings may 
be at the back of the earlier-mentioned existential truth clauses. (A 
similar account can be given for all, most, etc.) 

This point of view raises interesting questions concerning the 
semantics of the latter readings, and their connection with our standard 
approach. Notice, e.g., that on the referential reading, earlier forms of 
monotonicity may fail: at most three babies cried, taken in the latter 
sense, need not imply at most three healthy babies cried. Another theme 
which comes to the fore here is the semantic role of bare plurals and 
the-phrases. 

The latter issues lead one naturally to the topic of collective pre­
dication. Obviously, not all VP-denotations can be taken to be of the 
form POW+(A) for some set of individuals A. Some predicates are 
themselves collective (gather, quarrel), others become so, either im­
plicitly (weigh three tons) or explicitly (hated each other). Our previous 
discussion has been restricted to so-called distributive predicates P of 
sets, satisfying the reduction 

for all A, A E P iff ( a} E P for all a E A. 
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And then, { a} E P amounts to having a E P-, for some individualized 
version P- of P. Put differently, distributive predicates satisfy the 
following two conditions: 

- if A E P, B ~ A, then B E P (Heredity) 
- if A, B E P, then A u B E P (Homogeneity) 

(Mathematically, they are 'ideals of sets'.) These conditions are ubiq­
uitous in the literature on plurals, as well as many areas of 'partial logic' 
(cf. van Benthem, 1985a). 

Other kinds of collective predication may satisfy just one of these 
two conditions, or none at all. Evidently, all this deserves thorough 
exploration. But, are quantifiers in our sense essentially involved here? 
For instance, many of them do not go well with collective predication: 
all boys lifted the piano (?), at most two girls quarrelled (?). Such 
expressions seem felicitous only (if at all) in the above referential 
readings. In view of all these uncertainties, we have refrained from 
'collectivizing' the theory of quantifiers and determiners in this book -
even though there seem to be no difficulties a priori in doing so. 
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ALL CATEGORIES 

Our investigation up till now has been concerned with the linguistic 
category of determiners, including quantifiers. But, the techniques 
developed can be brought to bear upon arbitrary grammatical types: 
adjectives, connectives, adverbs, etc. To broaden our scope, we will 
work against the background of an extensional categorial grammar, with 
basic types e ('entity') and t ('truth value') - as in Section 1.1. - allowing 
formation of functional types (a, b) ('from a-denotations to b-denota­
tions'). Models will then be semantic structures (Da)a E TYPE, with base 
domains De' D, and a recursive construction rule D(a, b) = DbDa. 
Chapter 7 is devoted to further theoretical study of this mechanism as 
such. 

As was observed in Chapter 1, some categories of expression a seem 
to be 'interpretatively free', allowing arbitrary denotations in their 
associated domains Da - whereas others are more constrained. 
Naturally, we shall be especially interested in the latter, searching for 
enlightening constraints on denotations. In principle, these may be quite 
different from those encountered for determiners - but, there is 
certainly no harm in looking for relatives of the earlier basic conditions 
across all categories. Before proceeding to the most general case, we 
consider some specific examples. 

3.1. CONNECTIVES 

One basic example to start from is that of connectives, the other main 
type of traditional logical constant. In natural language, the usual 
Boolean connectives occur primarily as operators on predicates, with 
less frequent inter-sentential uses. (Eventually, they may be viewed as 
operations on all types resulting in a truth value; cf. Keenan and Stavi, 
1982.) For instance, the former use underlies the very linguistic 
formulation of Conservativity: 

QXY iff QX( Y and X). 

Likewise, Monotonicity inferences involved predicate conjunction and 
disjunction. 

55 
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Earlier notions may be transferred to this new category. Thus, 
Quantity, the earlier hallmark of logicality, now acquires the obvious 
sense that 

for all permutations n of E, and all A ~ E, 
f(n[A)) = n[f(A)], 
for unary connectives f 
And likewise for higher ones. 

I.e., quantitative connectives commute with permutations. The force of 
this requirement is expressed in the following 

EXAMPLE. Every Boolean expression in A, B, u, n, - (with 
complement taken with respect to the universe E) defines a quantita­
tive connective. This is so because permutations n commute with 
unions, intersections and complements: 

n[C U D] = n[C] U nIDI, n[C n D] = n[C] n nIDI, 
n[E - C] = E -nrC]. 

But also conversely, every quantitative connective has a Boolean 
definition for each tuple of arguments. For, consider A, B ~ E. For 
each of the four zones in the Venn diagram: A n B, A - B, B - A and 
E - (A U B), f(A, B) either contains it or avoids it altogether. (For 
instance, if f(A, B) were to non-trivially intersect A n B, one could 
permute two individuals in A n B across the boundary - leaving all 
other objects in E fixed - which would leave A, B invariant, while 
changing f(A, B): a contradiction.) So, f(A, B) must be some disjunc­
tion of the above four sets: i.e., a Boolean compound of A, B. 0 

Thus, Quantity again expresses an entirely natural form of logicality 
in this setting, linking quantifiers to truth-functional connectives. 
Evidently, the above argument goes through for arbitrary k-ary con­
nectives as well. Still, it does not enforce one uniform definition for all 
argument tuples. To get the latter, postulates are needed relating values 
at different arguments. One example will be presented below. 

The other general conditions on quantifiers are less plausible in this 
case. Notably, the complement operation (not) is universe-dependent; 
whence it fails to satisfy Extension. Likewise, Conservativity has no 
direct appeal here. But then, new conditions in the same spirit may be 
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forthcoming for special categories. For instance, for many operations C, 
a principle of Restriction is plausible: 

if E ~ E', then, for A 1, ••• , Ak ~ E', 
CE(A 1 n E, ... , Ak n E) = CdA], ... , A k) n E (REST) 

This condition holds for all Boolean set connectives; and that is no 
coincidence: 

THEOREM: QUANT, REST characterize the Boolean operations 
uniformly. 

Proof By a judicious use of Restriction, arbitrary values for f may be 
written down in terms of its 'E, 0-truth table'. For instance, 

fE(A, B) = «A - B) n fE(E, 0» U «A n B) n fE(E, E» U 

«B-A) nfE(0,E» U «E-(A U B» nfE(0,0». 0 

In addition, various special purpose conditions arise here. One useful 
property, already encountered in Section 2.9., is the well-known mathe­
matical condition of Continuity, in the sense of preserving unions: 

for all families {Ai liE I} of subsets of E, 

fE( yAi) = Y fE(A i)· 

Actually, Continuity makes most sense when applied to unary adverbs 
and adjectives, rather than connectives (see Section 3.2. below). 

Moreover, earlier family patterns also emerge in this new setting. For 
instance, there are Squares of Opposition for connectives, of which the 
following is a simple illustration. 

EXAMPLE. Binary truth functions. 
In the area of truth tables, connectives f may be regarded equi­

valently as relations between subsets of some set {x}, being 0 (0) and 
{x} itself (1). Conservativity then means that f(O, 1) = f(O, 0). Variety 
requires that f(l, 0) fc. f(l, 1). Now, inspection of truth tables shows 
that, modulo these two conditions (cf. Section 1.4.): 

the doubly monotone connectives form precisely the Square 
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For instance, suppose that J has type ~MONt. Case (1): J(O, 1) = J(O, 0) 
= 1. Then J(l, 0) = 0. (Otherwise, J(l, 0) = 1, J(l, 1) = 1 (MONt), 
contradicting V AR.) So, again by V AR, J(I, 1) = 1. I.e., J is material 
implication. Case (2): J(O, 1) = J(O, 0) = 0. As before, J(l, 0) = 0, 
J(l, 1) = 1. But then, by ~MON, J(O, 1) = 1: a contradiction. So, this 
case cannot occur. 0 

A much more general survey of such 'Squares' across natural languages 
may be found in Lobner (1984). 

In addition to such denotational constraints, the earlier inferential 
concerns still apply in this setting (d. Sections 1.5., 2.6.). We may 
classify common algebraic conditions on connectives (idempotence, 
commutativity, associativity, and the like) as patterns of inference. And 
then, the earlier question may be raised which classes of connectives 
are determined by their characteristic patterns of reasoning. Here is one 
illustration. 

Query: Which triples of QUANT operations on sets satisfy the 
complete set of Boolean identities in I, 1\, v? 

Even the earlier observed phenomenon of 'multiple solutions' has 
been known for a long time in this particular area, as the 'duality' of 
1\, V. Here is one answer for a special case. 

THEOREM. In propositional truth value semantics, the complete set of 
Boolean identities has exactly two solutions: 

I, 1\, V and I, v, 1\. 

Proof First, there are at most these solutions. Various valid identities 
narrow down the range of possible candidates: 

II X = X: I can only be identity or value reversal. 
X 1\ X = X: 1\(0,0) = 0,1\(1,1) = 1. 
X 1\ y= Y 1\ X: 1\(0,1)= 1\(1,0). 
(X 1\ I X) 1\ Y = X 1\ I X: if I were the identity, then X 1\ Y = X 

would be valid - and a contradiction arises: choose X = 0, Y = 1: 
1\(0, 1) = O/choose X = 1, Y = 0: 1\(1,0) = 1. Therefore, I denotes 
value reversal. 

For disjunction, similar observations imply V(O, 0) = 0, v(l, 1) = 1, 
V (0, 1) = V (1, 0). Moreover, because of the mixed principle X 1\ (Y 
V X) = X: V (0, 1) "I' 1\ (0, 1). (Otherwise, if V (0, 1) = 1\ (0, 1) = 0, 
then set X = 1, Y = 0: 1\(1, V(O, 1» = 1\(1,0) = ° "I' 1: the X-value. 


